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This work displays both longitudinal and transverse vibrations of magnetically affected inclined single-walled
carbon nanotubes for conveying fluid flow. By employing an equivalent continuum structure on the basis of the
nonlocal Timoshenko beam model as well as plug-like model for the nanofluidic flow inside the pore, the nonlocal
governing equations are obtained accounting for nonlocality, frictionless nature of the inside wall, the Knudsen
number, and full longitudinal and transverse interactions of the fluid flow with the single-walled carbon nanotubes.
By implementing Galerkin-based assumed mode method, the equations of motion are discretized appropriately
and then solved for the unknown dynamical deformation fields. The roles of nanofluidic flow velocity, small-scale
parameter, inclination angle of single-walled carbon nanotube, and magnetic field strength on maximum values
of longitudinal and transverse displacements are explained and discussed. The results show that the maximum
dynamic deflection of the inclined nanotube would lessen by increase of the magnetic field strength. This fact is
also more apparent for higher levels of fluid flow velocity. Additionally, variation of the longitudinal magnetic field
has a trivial influence on the variation of longitudinal displacement. The predicted results reveal that application
of the longitudinal magnetic field could be used as an efficient methodology to reduce the lateral vibrations of
single-walled carbon nanotubes as nanofluidic conveyors.
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1. Introduction

Realizing and controlling of vibrations of carbon nano-
tubes (CNTs) and carbon pipes for conveying fluid flow
is currently a subject of huge interest among scientists of
various disciplines. Actually, these tiny pore-like structu-
res have been recognized as efficient tools for fast trans-
port of waters [1-4]. It is mainly attributed to the fricti-
onless nature and smoothness of the CNT surface. By
increase of the flow velocity, the lateral stiffness of nano-
structure would be generally reduced due to the centri-
fugal effect of the fluid flow. Additionally, the maximum
dynamic deformations and stresses within the nanostruc-
ture would increase with the velocity of the moving inside
flow because of a combination of lateral, Coriolis, and
centrifugal acceleration effects. As a result, if the stiff-
ness of CNT-elements could be improved efficiently, their
vibrations would be also controlled. It implies that the
capability of the nanostructure as well as nanosystems
with CNTs would be enhanced from mechanical points
of view.

There exist several experimental works that display en-
hancement of mechanical properties of CNT-based com-
posites by application of magnetic fields [5, 6]. This fact
is the chief motivation of this study. Here we are focu-
sing in developing a mathematical model to investigate
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vibrations of fluid-conveying single-walled carbon anno-
tates (SWCNTs) by taking their full advantage through
application of magnetic field. Previous investigations
have been confirmed this fact theoretically that the trans-
verse dynamic behavior of CNTs would be enhanced by
exploiting a longitudinal magnetic field [7-13]; however,
the role of magnetic field on vibrations of SWCNTs as
nanofluidic conveyors has not been explored yet.

At the small scale, vibrations of each atom rely on
vibrations of its neighboring atoms. This truth cannot
be displayed by the classical elasticity theory (CET). To
improve this deficiency, such a theory is elegantly gene-
ralized by Eringen [14-17] through the so-called nonlo-
cal continuum theory (NCT). From elasticity points of
view, the main feature of this theory is that the stress
of each point does not only depend on the state of stress
of that point but also on the state of stresses at its neig-
hboring points. To date, there exist a large body of re-
searches on nonlocal dynamics of nanoscale structures
(i.e., rod-like, beam-like, plate-like, and shell-like nano-
structures) including free vibration [18-24], forced vibra-
tions [25-27], and nonlinear vibrations [28-31]. Further,
vibrations of fluids-conveying SWCNTs has been widely
researched by the NCT of Eringen from various aspects
including free transverse vibration and dynamic instabi-
lity [32-36] as well as longitudinal and transverse forced
vibrations [37, 38]. In most of these works, the dynami-
cal bending response of nanofluid-conveying CNTs — the
most crucial deformation of such loaded nanostructures
— has been modeled using nonlocal beam theories.
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In the present work, nonlocal vibrations of magneti-
cally affected inclined SWCNTs conveying nanofluidic
flow are of high interest. By employing nonlocal Ti-
moshenko beam model for SWCNTs and plug-like model
for moving inside nanofluidic flow, the governing equa-
tions pertinent to longitudinal and transverse vibrati-
ons of SWCNTs are obtained. To evaluate the elasto-
dynamic fields of interest, the Galerkin-based assumed
mode method is implemented and the resulted set of or-
dinary differential equations is solved using Newmark-
approach. The roles of influential factors on both longi-
tudinal and transverse dynamic displacements are scru-
tinized and discussed.

2. Development
of a nonlocal continuum-based model

2.1. Description of the nanomechanical model

Consider an inclined fluid-conveying SWCNT with in-
clination angle « that is subjected to a longitudinal mag-
netic field of strength H,, and a plug-like fluid starts
to move from the bottom support such that the loca-
tion of its front would be 2y = ct where ¢ denotes the
mean velocity of the fluid flow. The SWCNT is simula-
ted by a beam-like element whose density, cross-sectional
area, moment inertia, and elastic modulus are denoted by
oy, Ap, I, and Fy, respectively. This is commonly cal-
led equivalent continuum structure (ECS). The ECS is a
hollow cylinder whose mean radius, r,,, and length, [,
are exactly similar to those of the parent nanotube and
the thickness of its wall, ¢;, is about 0.34 nm. Herein,
we are concerned with examining longitudinal and trans-
verse vibrations of SWCNTs conveying fluid flow in the
presence of longitudinal magnetic field. To this end, a
nonlocal continuum-based model will be presented in the
next part and the nonlocal elastic fields of the magneti-
cally affected SWCNT used for conveying fluid flow are
numerically calculated.

2.2. Basic formulations

Using the Timoshenko beam model [39, 40], the kine-
tic energy for vibrated SWCNT, T'(t), the elastic strain
energy, U(t), and the work done by both interactional for-
ces exerted on the inside wall and the Lorentz magnetic
force on the whole body of the ECS, W (t), are stated by

Iy ]
T =5 /0 Py (Abfﬁ + Api® + Ib02) dz, (1a)

1
Ut =5 [ (Ve — 0.0
0

+(we — 0)Q}') dz, (1b)

W= [ (- s
 (fiw + fo+ f2)w) da, (10)

where the density, cross-sectional area, and moment iner-
tia of the fluid flow are ps, Ay, and Iy, respectively, N,
gl, and Mg” in order denote the nonlocal longitudinal
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force, nonlocal resultant shear force, and the nonlocal
bending moment within the SWCNT, f; and f, repre-
sent the longitudinal and transverse interactional forces
between the fluid flow and the SWCNT per unit length of
the inclined ECS, f, = nAyH2w ,, displays the applied
transverse Lorentz force per unit length of the inclined
SWCNT, and 7 is the magnetic permeability of the SW-
CNT. Through exploitation of thr Hamilton principle,
the longitudinal and transverse equations of motion of
the magnetically affected SWCNT conveying fluid flow
are obtained as

poApii — Ni't — fo+ f0 = 0, (2a)
pulnf — Qpl + M =0, (2b)
Py Apti — Qply — fr — f10 = fu. (2¢)

By considering an infinitesimal element of the fluid flow
inside the ECS modeled based on the Timoshenko beam
theory, the following equations of motion are readily
obtainable:

+pfAf (ga: - gze + i+ 201:0,1: + CQU,zw) =0, (33‘)

+prAy (—gz — g0+ W+ 2c 4 + c2w,m) =0,(3b)
where P is the nanofluidic pressure, g, = gsina, g, =
gcosa, and g is the gravitational acceleration. By consi-
dering the slip boundary condition, the exerted longitu-

dinal force on the inner wall of the ECS could be written
as [37, 38]:
fe=mnpoKi(c—uy), (4a)
o — 8moy (1 — bKn)
"7 (14 a;Kn) (0y(1 — bKn) + 4(2 — 0,)Kn)’
where 7179 denotes the fluid bulk viscosity, o, is the
coefficient of tangential moment accomodation, ay =

200 tan~!(a;Kn®) in which Kn is the Knudsen number,
ag = % b= —1,a; =4, and B = 0.4 [41].

Through introducing Egs. (3a) and (3b) to Egs. (2a)-
(2¢) in view of Eq. (4a) and assuming a plug-like nanof-
luid flow from the left end of the SWCNT to the right
end, the governing equations of the inclined SWCNT con-
veying fluid flow under longitudinal magnetic field take
the following form:

puApii — NPt + ppApg0(1 — H(z — ) =

nyodje(l — H(z —xy)), (5a)
pblbé +prly (9 + 209.@ + 029’3”) (1 — H(z — If))
—Qpt+ ML =0, (5b)

prApt — Qpty — AL HZW 4o + PAO
+ppAs (W4 20 4 + Fwgy) (1 — H(z — xy))
— (205 A1g0 +nsohe) 0(1 — H(x — zy)) =

prArg-(1— H(z —xy)), (5¢)
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where H is the Heaviside function. The nonlocal forces
of the ECS modeled by the Timoshenko beam model are
linked to their corresponding local forces as follows:

N — (epa)? Nb oz = EpApu g, (6a)
Qp' — (e0a)*Qplyy = ks Gy Ay (W — 0) (6b)
M — (e0a)* My, = —EpI0 4, (6¢)
in which ega is the small-scale factor. By mixing

Egs. (5a)-(5¢) and Egs. (6a)-(6¢) through considering the
following dimensionless quantities:
u w €oa

.r o . p—
5 - 57 u = E w = lb = lb 9 = 9
o ksGy By )
WL\ e CkGRALZT Ty
»_ Py ¢ prly
P= = — = =
ksGbAb’B o pr’£ B,
vV gml -
m (g;,T b; =wxorz Hy;=H, k:]Gyba (7)
_ pfAr nrols Iy c
m = ) - = )
P oy 0T oAy T g Cr
where Ty = \/If/Af, Ty = \/Ib/Ab, CT = \/k‘sGb/pb,

and Cp, = v/ Ey/pp, the dimensionless equations of mo-
tion of the inclined SWCNT acted upon by both longi-
tudinal magnetic field and nanofluidic flow in terms of
deformation fields take the following form:

— T e + TfT 0 A (CL/Cr)
x (e (1= H(E = ) = 02 (@ (1 = H(E = 7)) o)
2 (001 = H(g &) = w2 (001 = H(E = 7)) o)
—(CL/Cr)u e = myTipoAF(CL/Cr)
XB((1—H(E—&) = p*(1— H(E = &5)) ee) »

Orr — 1% cree + T ((Or + 200 + F%0ce)  (3D)
X(1—=H(E =€) = 12 ( (0.7 +260,6r + 520 ¢¢)

X(l - H(f - gf)))vgg) - )\2@’5 +A° (é - 775,55) =0,

(8a)

U rr

— W rrge — Wee + 0, (8¢)
iy ( (@rr + 281 7¢ + BW ec) (1 — H(E — &)
—12 (W, + 260, r¢ + BWee) (1 - H(E ~€5))) )
77 (292 + TpoA3(CL/Cr)B) (90— H(E = &)

—u® (0(1 — H( ~ §f))),55) — H (¢ — 12T cece)
+P0¢ — p* (Peele + 2P ¢0,6c + PO gec) =
2 (1= H(E =€) =12 (1= H(E = 1) e ) -

Furthermore, the nonlocal axial force, shear force, and
bending moment of the SWCNT in terms of the defor-
mation fields are given by
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Nyt = ko Gy A{ (CL/Cr) g + i (T e + T (32)°
H(E~ &) =7 50AF (C1/Cr) (B )
x(1= H(z - 2p)) ¢ }

—nl — — —_
Q, = ksGbAb{W,s — 0+ (W — HyWee + Pl

x0 (1 —

(9a)

71y (200 + 50 43(CL/Cr)B) B (1~ H(E ~ &)
+my (@77-7- + Qﬂ@ﬂ-g + (6)2@755) (1-H(¢ - ff))
=g (1) (1= HE = €0)) ¢ }+ (9b)

M:l — ksGbAblb{ — 7]?75 + ,[142 (EJ—T . F?ﬁ@7& n ﬁvf
7y (2(0)? + g0 43(CL/Cr) (B~ 7))

X8 (1= H(E = &) + 7 (W,rr + 26,0 + () Tee)

X (1= H(E—£7)) = A0 0re
ATy (B + 280,06+ (8) Dee ) (1 - H(E — &)
(1)’ (L= HE =€) . (9¢)

2.8. Numerical analysis via Galerkin-based assumed
mode method

Seeking analytical solutions for the developed nonlocal
governing equations in the previous part is not an easy
task. It is chiefly related to the existing coupling bet-
ween longitudinal and transverse equations of motion. In
this section, the Galerkin approach in conjunction with
assumed mode method is employed. To this end, both
sides of Egs. (8a)—(8c) are multiplied by 6w, 66, and dw,
respectively, and then the resulting expressions are inte-
grated over [0,1]. As a result,

/1 {5@7” + pPSU T gy r + g2 (6U — p2OT )
xoé(l - H +(CL/Cr)*8u ¢ ¢
—m7 oA} (Cr/Cr) (B —,r) (0T — p*6u g¢)
X (1= H(E~&5) + A2 (800,77 + 1700 0 rrc)
ATy (60 — 1200 g¢) (0,7 + 260 rc + 70.cc)
x(1=H(E-&)) —
+UPOW W e + W (We — 0) + My (W — p6W ¢¢ )
X (Wrr + 2806 + (8) Wee ) (1= H(E — &)

—2 — —
+H, (0 W, + 1°0W ¢ ¢ ) + p°P 6w 0 ¢

(z =)

( 579)+7}59§95+§wa7

+F (5@575 + Mz(smég’gg) — mf(2’y$

7103 (CL/Cr)B) (00 — p?6w e¢) 0 (1 — H(E — &f))

772 (5 — 120 ¢¢) (1 = H(E — &) }d€ = 0. (10)
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The unknown dimensionless deformation fields can be ex-
pressed in terms of admissible mode shapes as follows:

N, N,
U, ) =Y ot ©m(r), 0(¢,7) = ¢! ()bi(7),
i=1 =1

N,
w(E,T) = Z o (&)wi(1), (11)

where N, is the number of vibrational modes, @;(7),
0;(7) and w;(7) denote the time-dependent parameters
associated with the i-th mode of longitudinal displace-
ment, i-th mode of angle of deflection, and i-th mode
of deflection, respectively. By introducing Eq. (11) to
Eq. (10), it is obtainable

w8 G (a,
" M, | QO
J7 A VR vl B R
¢ G’ 6" (u.
+| G T T |4 6.
") o ] e
(5K K] (a) (T
+H KR K0 =T ¢ (12)
KRS R\ fy

where the force vectors and corresponding matrices are
easily calculated. To solve the set of ordinary differen-
tial equations of Eq. (12) in the time domain, we employ
generalized Newmark-3 method [42].

3. Results and discussion

The geometrical and mechanical properties of the
ECS are taken into account as follows: E, = 102 Pa,
oy = 2300 kg/m3, v = 0.2, and r,,, = 2 nm. The inside
moving nanofluid flow has the following properties:
ps = 1000 kg/m?, npo = 1.002 x 1072 Pa s, o, = 0.8,
and [;=0.3 nm. To more facilitate in vibrational
analysis of the problem at hand, we consider the
following dimensionless and normalized parameters:

F7* Apl? _ S
Hac = H, nEbbjbbv uN(gvT) = 8u(§7T)/(mfnfOA?‘B)’

wﬂ(gv T) = 384@(57 T)EbIb/(5pfAfgll§)a NbN(ga T) =
2Nb(£77—)/(EbAbmfﬁf0A?6)> MbN(gﬂT) =
8My(&,7)/(prApgly), and ey = cX/(m\/Eyp/py).
Throughout this paper, the nanotube is assumed to be
initially at rest and the results are presented for SWCNTs
with simple and immovable ends in which its boun-
dary conditions read exactly: w(0,7) = 0, @w(1,7) = 0,
w(0,7) =0, w(1,7) =0,and 0 ¢(0,7) =0, O¢(1,7)=0.
For these conditions, we exploit the following mode
shape functions: ¢%(¢) = sin(in¢), ¢?(€) = cos(in€),
6% (€) = sin(ire).

In Fig. la—c, the time history plots of normalized lon-
gitudinal and transverse displacements as well as nor-
malized nonlocal axial force and bending moment of the
midspan point of the fluid-conveying SWCNT are pro-
vided. The plotted results are given for three levels of
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magnetic field strength (i.e., H: = 0.1, 1, and 2) and
three values of the small-scale parameter (i.e., ega=0,
0.5, and 1 nm) for the case of « = 0, ¢y = 0.25, and
A = 15. As it is seen, displacements and nonlocal axial
force would slightly grow by increase of the small-scale
parameter. Concerning the nonlocal bending moment,
the nonlocal bending moment would sharply drop as the
moving fluid flow passes the midspan point. Such a fact is
mainly attributed to the nonlocality effect and the plug-
like assumption of the nanofluid flow. As the nanofluid’s
front leaves the right end of the SWCNT, the free vibra-
tion would start. More important is the decrease of both
deflection and nonlocal bending moment as the strength
of the magnetic field increases. However, variation of
the magnetic field strength has fairly no influence on the
variation of the longitudinal displacement and the non-
local axial force. The main reason behind the first fact is
the incorporation of the magnetic field strength into the
transverse stiffness of the nanostructure.

Fig. 1.
cements, axial force, and bending moment of the mid-
span point of the fluid-conveying SWCNT as a function

*

of normalized time: (a) H, = 0.1, (b) H, = 1, (c)

Normalized longitudinal and transverse displa-

*

Fz = 27 (() €oa = Oa (7 7) €oa = 057 (_)
ega =1 nm; a =0, A =15, cy = 0.25).

To explain the role of magnetic field on the re-
sulting crucial elastic fields within the nanotube, the
plots of the maximum dynamic amplitude factors of de-
flection and the nonlocal bending moment, MDAF,, =
max{wy(&,7)} and MDAF,, = max{Myn(¢,7)}, in
terms of dimensionless strength of magnetic field have
been demonstrated in Fig. 2a—c. The results are given
for a SWCNT conveying nanofluidic flow of velocities
cy = 0.1, 0.2, and 0.3 in the cases of a = 10°, 40°,
and 70°. According to the plotted results, the maximum
deflection and nonlocal bending moment would reduce by
application of the longitudinal magnetic field. For nano-
tubes with lower inclination angles which are acted upon
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by nanofluidic flows of higher velocities, the influence of
the magnetic field on the reduction of maximum elastic
fields is more apparent.

(a) (b) (c)
2 2 2
15 15 L5F--o_
e = e s
é if } E (1 é i N
-8 —el .
05 0.5 0.5\
] — ]
% 2 % 1 2 % 2
A a i
8 g
2 2 2
15 15 L5F-~_
= N = N
) =%} ~
< gl < g 2 S
g a . N
g [l |8 e g N
05 "4 05 THos) T~
] ]
% 1 2 % 1 2 % 1 2
b2 i H
« & 8
Fig. 2. Maximum dynamic amplitude factors of de-

flection and bending moment in terms of H, for dif-
ferent values of fluid flow velocity and inclination angle:
(a)en =0.1, (b) en = 0.2, (¢) en = 0.3; ((+-+) @ = 10°,
(= =) a=40°, (—) a ="T70° A=20, epa = 1 nm).

(a) (b) (c)
4 4 4
3 3 3
2 E 2
% 2 A4Z 2 25
s Sk 18
e = T .
oo 1 1 T
1 - _ e T
% 02 04 o6 % 02 04 06 0 02 04 06
Y ‘n Y
5 6 6
4 o
= 4 4
b 3 %E . e
% 2 e 5
=, 4= 2
1}... .~"’,/ ,,/'
r--—--- — posolo- ] I B
% 02 04 06 0 02 04 06 0 02 04 06
L‘N L‘N CN
Fig. 3. Maximum dynamic amplitude factors of de-

flection and nonlocal bending moment in terms of cy

for different values of magnetic field strength and incli-

nation angle: (a) H, = 0.1, (b) H, = 2, (c) H, = 4;

((-++) a=10°% (= =) a =40° (—) a = 70% X = 20,

eoa =1 nm).

Figure 3a—c displays normalized maximum dynamic
amplitude factors of deflection and bending moment of
the fluid-conveying SWCNT as a function of normali-
zed velocity of the nanofluidic flow. The results have
been provided for three levels of magnetic field strength
(ie., H, = 0.1, 2, and 4) and three inclination angles
(i.e., @« = 10°, 40°, and 70°). For the considered range
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of the moving inside fluid flow, the maximum deflections
and bending moments would generally grow by increase
of the velocity of fluid flow. This fact is more obvious
for nanotubes with lower inclination angles. For all gi-
ven levels of the fluid flow velocity, the maximum values
of aforementioned elastic fields would reduce as the incli-
nation angle decreases. Generally, the maximum values
of deflections and bending moments of the SWCNT con-
veying nanofluids would reduce as the strength of the ap-
plied magnetic field on the nanostructure would increase.
This fact holds true for all considered levels of inclination
angle and fluid velocity.

4. Conclusions

Longitudinal and transverse vibrations of magneti-
cally affected fluid-conveying SWCN'Ts with inclination
were addressed. The equations of motion were gained
using plug-like nanofluidic flow model in conjunction
with the nonlocal Timoshenko beam theory. The assu-
med mode method was exploited for spatial discretiza-
tion of deformation fields and their corresponding time-
dependent parameters were evaluated based on the gene-
ralized Newmark- time-discretization approach. The ef-
fects of crucial influential factors on maximum elastic
fields were then explained and discussed in some detail.
The obtained results suggest that exertion of longitudinal
magnetic field can be effectively used to suppress trans-
verse vibrations of inclined nanotubes as nanofluidic con-
Veyors.

For more accurate prediction of elasto-dynamic fields
of nanostructures, higher-order shear deformable beam
theories [29, 38, 42-44] could be implemented in the con-
text of nonlocal elasticity theory of Eringen. Additio-
nally, vibrations of ensembles of SWCNTs or even multi-
walled carbon nanotubes conveying fluid flow in the pre-
sence of longitudinal magnetic fields have not been ex-
plored yet. These are hot topics in the realm of nanome-
chanical science that could be researched by interested
investigators in the near future.
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