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 
ABSTRACT 
 
Harmonic signals are often used for control of functional state 
of electronic devices. In this paper we show that the goal can 
be achieved via monitoring of the statistical behavior of 
harmonic signals propagating through the tested device. 
Malfunctions of the device lead to the changes in the 
statistical characteristics of the harmonic signals and thus are 
used for the monitoring of the technical state of the device. 
We consider statistical behavior of such signals at the 
variation of their phase, caused by malfunctions in electronic 
devices. Deviation of the mathematical expectation from its 
nominal values and dispersion are proposed for estimation of 
malfunction of a device. A functional scheme of a controller 
analyzing the mathematical expectation and dispersion is 
proposed. An experiment demonstrating how the proposed 
approach can be used for monitoring of the technical state of 
an electronic device under the influence of the external noise 
is presented. 
 
Key words : harmonic signals, malfunctions in electronic 
devices, maintenance testing, statistical characteristics of 
errors.  
 
1. INTRODUCTION 
 
Nowadays, when electronics deeply penetrates in all spheres 
of human being via electronic devices from smart pocket 
devices to sophisticated computerized and robotized networks 
of systems with elements of artificial intellect, in many cases 
control of their proper functionality becomes of survival 
importance. Despite vast variety of such devices, which differ 
essentially by their functions, operation and design, 
commonly all of them are based on typical elementary 
electronic modules, such as power supplies, signal generators, 
amplifiers, filters, triggers, modulators, etc., and thereby their 
functional state can be monitored with universal controllers. 
Development of universal testing techniques capable for 
monitoring of electronic schemes and design of corresponding 
controllers are in great demand. 

 
 

2.  LITERATURE REVIEW 
 
Testing of electronic schemes with harmonic signals [1] – [4] 
is one of the possibilities for universalization of testing 
protocols. The principle of such an approach is as following. 
A harmonic signal from a generator is applied to the input of 
the inspected part of the electronic scheme of the device and 
the output signal is compared to the expected standard signal 
[5], [6]. In this paper the input testing signal is proposed to be 
of the form  2 ncosk , where k  and n  are natural 
(positive integer) numbers, such that n denotes the 
multiplicity of the harmonic function,   is the phase 
increment, measured in angular units (radians or degrees) and 
  takes the value 0 or 1 for the cosines or sinusoidal signals, 
respectively. Depending on the type of the inspected module, 
the output signal differs (usually by its phase and amplitude) 
from the input signal, but is expected to be of a form, which is 
standard for a given unit. In the case of malfunction the output 
signal is affected additionally. Analysis of the deviation of the 
output signal from the expected standard form is used for 
conclusion on the technical state of the inspected unit [6].  
The statistical behavior of the parameter   of the harmonic 
function was studied in [7] – [11]. 
However, in most practical cases, the parameter  per se is of 
no importance. Instead, the value of its harmonic function is 
of interest. The latter is related to a specific functioning mode 
of many devices (such as selsyns, encoders, phase detectors, 
etc.), which deal with the harmonic function, rather than with 
 . The same is for “indirect measurements”, at which the 
conclusion on the technical state of a device is also formulated 
via analysis of the measured valued of the harmonic function.  
Derivations of analytical expressions describing statistical 
behavior of the probing signal are labor- and time-consuming; 
final derived expressions in most cases appear to be lengthy 
and inapplicable for analytical analysis. For this reason 
traditionally approximations with serial expansions are 
employed. Truncation to the first term of the serial expansion 
of the output signal, combined with assumption of high 
“signal-to-noise” (s/n) ratio, often results in acceptable 
predicted s/n ratios [12] – [15]. However, consideration of 
next expansion terms is obviously needed for essentially 
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non-linear signals [16]. Statistical analysis of testing 
harmonic signals in terms of varying parameters is, thus, in 
demand. To the best of our knowledge, handy expressions for 
statistical characteristics of the tested values of signals with 
harmonically varying parameters are not available in the 
literature. As stated above the main reason for this are 
difficulties related to the analytical derivations and 
simplifications of the derived expressions to handy forms. In 
this paper we present analytical expressions for statistical 
characteristics of harmonic functions of errors varying 
normally in accordance with Gaussian distribution and 
propose a scheme of a universal controller, which employs the 
derived expressions for detection of malfunctions in 
electronic devices. 
 
3. MAIN MATERIAL 
 
Suppose, the indirectly measured parameter is of the form: 

  0 ,(1) 

where 0  is the initial value of the parameter,   is the 
normally varying noise error with the following 
characteristics of the normal Gaussian distribution for the 
probability density of the error [17], [18]: 
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with commonly accepted notations for density probability
 f , mathematical expectation  M  and dispersion 
 D . It is obvious, that for the parameter, varying 

according to equation (1) one has: 
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Our next step is to find   iFf ,   iFM  and   iFD  
with i  varying from 1 to 4 such that 
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with n  being a certain natural number standing for the order 
(also called multiplicity) of the harmonic and   nn

denoting the variable of the harmonic function of the n -th 
order. 
The algorithm for derivation of the probability density of a 
function of an independent random variable (in its 
conventional sense defined in statistics) [8], [18]is of the 
form: 
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where  1
iF  is the function, which is inverse to  iF . 

Substitution of equation (4) in equation (5) gives the 
probability densities of harmonic functions  niF  for the 
variable parameter, equation (4): 
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It should be noticed that the inverse trigonometric functions in 
equation (6) are multivalued, such that their main values are 
limited as following 
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Mathematical expectation and dispersion as functions of 
 niF   are derived using the following expressions [18] 
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Calculated mathematical expectations and dispersions are 
presented in Table 1. 
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Table 1: Statistical characteristics for harmonic functions 
 niF     niFM     niFD   
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Derived expressions for systematic errors are of the form 
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4. RESULTS AND DISCUSSIONS 
 
Analysis of statistical characteristics of the functions  niF  , 
given in Table 1 and by equation (9), shows that the 
mathematical expectations are biased (displaced) with respect 
to the true values of the functions. The systematic error 
(displacement)   niFM   dependson the dispersion  of 
the disturbing action (the normal error caused by the noise), 
on the true value of the harmonic function  0nFi  as well 
as on the multiplicity of the testing signal n .Dependencies of 

systematic errors and dispersions for functions )nsin(  and 

)n(sin 2  on the initial phase 0  for two values of   at 
1n  are plotted in Figure 1. 

The statistical characteristics of errors for harmonic functions 
are of a well pronounced nonlinear oscillating character. The 
sum of squares of systematic errors of functions is given by: 
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and the systematic errors of the values of the second power of 
the harmonic functions are equal by absolute value and 
opposite by their signs, i.e. 
     .)(cosM)(sinM nn 022   (11) 
Dispersions of errors for the second power of harmonic 
functions  )(sinD n

2  and  )(cosD n
2  in contrast to the 

dispersions of errors for the first degree of harmonic functions 
 )sin(D n  and  )cos(D n  are equal for any value of  . 

Basing on the obtained results we propose a controller, the 
simplified scheme of which is shown in Figure 2. 
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Figure 1: Dependencies of systematic errors M  (a, c) and dispersions D  (b, d) for functions sin( )n  and 2sin ( )n  , 

respectively, on the initial phase 0  for two values of 5  (solid line) and 10  (dashed line) at 1n  

 

2


)( ncos 

)sin( n

22
n

 22exp n

 12 Ln

12 

0



  nsinM 2

)]([ 2
nsinM 

  ncosM 2

)][ 2
n(cosM 

 
Figure 2: Simplified scheme of the controller 
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The simplified scheme of the controller (Figure 2) consists of 
the following main components: 
controlled inverter (CI); signal adder ( i ); highly stable 
generator (HSG); converter of signals (CS); controlled 2
–phase-shift module; quadratic detector (QDi); signal recorder 
(SR); signal voltage divider ( 12  ); logarithmic amplifier (

 12 Ln ; scheme of comparison and control (SCC). 
Blocks 1-4, contoured in Figure 2 with a dashed line, include 

quadratic QDi detectors, integrators Fi (  
T

niF
0

 ) and 

switching elements (not shown for simplicity). They differ 
from each other by the order of commutation of detectors and 
integrators, as well as by the order of commutation with the 
signal adders. It is not difficult to see that at the appropriate 
switching, blocks 1 and 2, 3 and 4 are equivalent, and the 
controller circuit, as such, can be reduced to a single channel 
with different modes of signal operation. The signal voltage 
divider ( 12  ) and the logarithmic amplifier belong to the 
SСC, but for clarity of understanding of the described 
processes in Figure 2 they are depicted aside. 
Let us consider the principle of operation of the proposed 
device (Figure 2). Suppose that the identity of the 
corresponding elements of the controller is set by default. In 
the absence of a useful signal (of indirectly measured 
parameter of the testing signal) by appropriate switching in 
the CCS, the noise level in channels of the controller is 
checked and necessary adjustment is performed. The testing 
signal 0 , mixed with noise, enters the input of the signal 
converter (CS), the second input of which receives a signal 
from a highly stable generator (HSG). The signal, which is a 
harmonic function of the parameter 0  from the output of the 
converter, after branching, arrives to the quadrature channels, 
each of which also branches and arrives into channels for 
generation of the mathematical expectation of the square of 
the harmonic function and the square of the mathematical 
expectation of the harmonic function. The quadrature of the 
channels is achieved by introducing the 2 –phase shift by 
the controlled phase-shift module.  
Suppose that the signals are formed as shown in the diagram 
in Figure 2. Then, signals of the duration   2

 nexpT  

and T  from the output of the adders 1 and 2 , 
respectively, are sent to the SCC, where T  is the known 
accumulation time. From the output of the divider 12  , a 

signal equal to   2
 nexp  arrives to the logarithmic 

amplifier  12 Ln , from the output of which the voltage 

 2n  is obtained. The value of the voltage at the output of 

the adder 1 , which appears to be different from T , indicates  
the non-quadrature character of the channels, i.e. the latter 
indicates the introduction of a   2 –phase shift by the 
phase-shift module, where   is the phase error. In such a 

case, the input of the controlled inverter receives a signal 
indicating about the change in the sign of the input useful 
signal. The difference between the direct and inverted signals 
from the outputs of the adders 1  and 2  in the SCC will be 
of the form 

     )sin(M)cos(M: nn  
22

1 1  

     )sin(M)cos(M nn  22              (12) 
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where the values of the functions  0ncos can be 
preliminarily estimated with the accuracy to a factor 

  22
 nexp  by the values of the voltages, taken from 

the outputs of the integrators of blocks 2-3, respectively. 
The logarithm of the ratio of the differences between the 
direct and inverted signals from the outputs of the adders 1  
and 2  at the output of the logarithmic amplifier is given by 

  2
1

2




 























nLn (14) 

and does not depend on the phase error of the phase-shift 
module, which allows for the estimation of the dispersion of 
the error. 
Thus, using the difference between the direct and inverted 
signals as a mismatch signal, the phase shift in the phase-shift 
module is eliminated, since 00 

   . The proposed 

scheme allows for control of the quadrature of the channels of 
the device, for measuring of the noise level as well as for the 
estimation of the dispersion of measurement errors, and can 
be used in existing and future control and monitoring systems. 
One of the particular advantages of the controller is that it 
maintains the phase shift between the input and output signals 
to be constant in time. With the proposed controller the 
corresponding testing measurements and calculations can be 
computerized.  
The proposed theoretical approach is the theoretical tool for 
the estimation of the error values for signals with 
harmonically varying parameters and the designed scheme of 
the controller based on this approach allows one to maintain 
high accuracy of the phase characteristics of the phase 
detector in precision measuring instruments as well as to 
monitor the deviations in the technical state of the system 
under control by detecting changes in its phase characteristics. 
In electrical precision measuring devices, as well as in 
reactive electrical energy meters, it is important to maintain 
sufficient accuracy of the stabilization of equality of the 
characteristics of the input and output voltages under 
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destabilizing factors and variation of parameters of the 
internal constructive elements. For example, at measurements 
of the power of the electrical energy it is quite important to 
ensure a phase shift of 90 degrees between the input and 
output voltages to reduce (eliminate) the methodical error. 
One of the most significant disadvantages of the available 
technical solutions is that they do not guaranty the absolute 
identity of the phase characteristics of the input and output 
paths in such devices. The problem is rooted in different 
levels of internal noise of single paths; these differences 
appear due to the imperfect identity of the elemental base of 
different paths, and, thus, become the origin of the occurrence 
of methodical error. 
Derived relationships, summarized in Table 1, show that the 
presence of errors in the output signal values with 
harmonically varying parameters is due to either the internal 
noise in the measuring channels or due to the variation in the 
phase shift in different paths. Thus, despite the mismatch in 
the elemental base of the different channels of the device, 
which lead to the occurrence of internal noise, by changing 
the phase shift between the input and output signals the 
proposed device (Figure2) diminishes the errors at the output, 
thereby maintaining high precision of the equality of the 
phase characteristics of the input and output signals (the 
voltage, in our case). 
To illustrate the suitability of the derived expressions for 
control of the technical state of electronic devices we have 
performed an experiment using the set-up, the functional 
scheme of which is shown below its photograph in Figure 3. 
The elements of the scheme are indicated by the 
corresponding abbreviations in the scheme and on the 
photograph. 
 

 
Figure 3:Experimental set-up: generator (G), electronic 

device (ED), analyzer (A), noise generator (NG) 
 

First, let the switch be in its position 1 (Figure 3). A harmonic 
signal of the voltage u (t) and of the frequency 1 kHz 

(Figure4 a) is sent from the output of the generator, G 
(Low-frequency precision generator of signals G3-110 made 
by Zavod Izmeritel, St. Petersburg, Russia), to the inputs of 
the tested electronic device, ED (here the amplifier of signals, 
made by Etalon-Prylad, Kharkiv, Ukraine) and to the signal 
analyzer, A (Spectrum analyzer C4-74, made by OJSC 
“Meridian” named after S. P. Korolev, Kyiv, Ukraine,). The 
signal  ty1  from the output of the ED is sent to the second 
input of the analyzer (Figure 3). The oscillograms of the 
signals (Figure 4a,b) are recorded using the oscilloscope 
(Universal Oscilloscope, C1-114/1, made by “Zavod Belit”, 
Minsk, Belorussia). 
Since the same generator (G) is used to form the signals  tu  
(Figure4a,b) and  ty1 (Figure4b), which are sent to the inputs 
of the tested electronic device and analyzer, respectively, we 
assume that these two signals are identical by their shape, 
though possibly being of different amplitudes, and that the 
phase shift between them is constant in time (Figure 4 b). 
Then, inside the analyzer, the difference  

 
Figure 4: Shape of the signals  tu  and  ty1  

 
between the signals  tu  and  ty1  is expectedto be affected 
by the internal noise of the electronic device; in other words 
this difference reflects the technical state of the device (in this 
case, either properly functioning or malfunctioning). Here we 
choose, the phase difference to be 90° (Figure 4 b). Using the 
derived relations (Table 1), we calculate the possible errors of 
the values of signals with harmonically varying parameters 
after passing through the electronic device: 

   0030,sinM  ,    00,sinD  , which indicate that the 
internal noise inside the tested device is negligibly small. 
Then, the switch is set into its position 2, connecting the noise 
generator (Test pattern generator G6-36 made in Russia) and, 
threby, modelling the signal, given by 
equationError! Reference source not found.. In other words 
by connecting the noise generator we add a disturbing effect. 
Thus, the input signal becomes  tu2 . As a result, in the 
analyzer we obtaine another difference between the input 
signal  tu  and the output signal  ty2 , because the signal 
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 ty2  contains an introduced disturbance (Figure 5). Series of 
measurements of the phase difference between the signals 
 tu  and  ty2  using an analyzer C4-74 (Figure 5 c) give the 

average value 112, . The systematic error (offset) 

   121,sinM   depends on the disdturbing action (noise), 
equationError! Reference source not found.. The difference 
in the error values of signals with harmonically varying 
parameters after passing through an electronic device before 
and after the application of disturbane (noise) shows that the 
characteristics of the electronic device have changed. Thus, 
the results of the experiment confirm the capability of the 
proposed method to control the technical state of electronic 
devices. 
In addition, the circuit (Figure 3) allows one to measure the 
effects of external noise disturbance on the functioning of 
electronic devices. 
 

 
Figure 5:Shape of the signals  tu ,  tu2  and  ty2  

 
It remains to discuss the advantages of the testing signals of 
the form  2/ncosk    with 1k  in comparison 
with traditionally used periodical signals with 1k . An 
example of application of the testing signals with 2k  is 
related to the functional specifics of some measuring devices 
such as power and energy meters, where by definition the 
testing signal is squared on its propagation through the 
measuring device.  
Concerning the values 2k , we refer to our recent paper [6], 
where the general criteria of optimality for the synthesis of 
testing signals for electronics have been suggested. According 
to these criteria, a testing signal should provide maximums for 
the indices of information and sensitivity together with the 
minimum of the mean square error. We have shown that in the 
presence of Gaussian electromagnetic noise these three 
criteria reduce into a single criterion, given by in [6]. 
Explicitly this criterion corresponds to the maximum of a 
function, which is proportional to the matrix ijB  composed of 

derivatives of the testing signal over the sensitive variables 
(see [6] for details). For a general case of the testing signal of 
the form  2/ncosk   , the exact form of the matrix 

ijB is not available yet. The corresponding derivations are 

labor– and time-demanding and will be a subject for 
consideration in our future paper. Nevertheless, some general 
properties of the ijB matrix are obvious. Indeed, since by the 

definition, the components of ijB  are functions of derivatives 

of the testing signal, they will be proportional to the power k  
of the testing signal. Therefore, higher values of k  imply 
higher sensitivity of the testing signal. Analytical expressions 
for statistical characteristics of the harmonic functions for 

2 1,k   are presented in this paper. Absence of the 
corresponding handy expressions for 2k encourages future 
studies in this direction. 
It should be also noted that the employment of the form 

 2/ncosk    for the testing signal can be a 
requirement for the inspection of electronic systems of 
devices connected into a network. In such a case higher orders 
of k  imply higher values for the so-called index of 
information [6] and will be required to find the correlation 
relations between the individual parameters of the single 
components of the system on the one hand and the control 
parameters of the electronic system as a whole on the other. 
 
5. CONCLUSIONS 
 
We have derived expressions for mathematical expectation 
M , dispersion D  and the error M  for four harmonic 
functions  niF   with the parameter n  varying normally in 
accordance with the Gaussian distribution. On the basis of the 
obtained relationships, the scheme of the controller is 
proposed, which allows for testing of the channels quadrature, 
measuring the noise level and estimating the dispersion of the 
measurement errors. Obtained results can be used for testing 
of vast variety of existing and future systems of data 
processing, measuring and control systems.  
The principles of many precision measuring devices and 
techniques, used for faults detections and their isolation, or 
more generally for the determination of the technical state of 
electronic devices, including the approach, described in this 
paper, require sufficient accuracy of the stabilization of 
equality of the characteristics of the input and output voltages 
under destabilizing factors and variation of parameters of the 
internal constructive elements. For example, it is quite 
important to ensure, that the phase shift between the input and 
output voltages, is constant in time. Such a function is 
provided by the proposed controller.   
To illustrate the feasibility of the proposed approach for 
control of the technical state of electronic devices we have 
performed an experiment, the idea of which is to demonstrate 
how the proposed approach can be used to determine the error 
values for harmonically varying signals propagating through a 
real electronic device under a noise disturbance. Comparison 
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of the calculated statistical parameters of the testing signal 
before and after the application of the noise reveals that these 
parameters are suitable and sensitive for the monitoring of the 
technical state of an electronic device. Using the derived 
relations summarized in Table 1 for the data measured in the 
experiment we have calculated the errors and corresponding 
dispersion of the values of signals with harmonically varying 
parameters after passing through the tested electronic device 
and found that before the application of the external noise, the 
internal noise inside the tested device is negligibly small. 
Acquisition and calculations of the corresponding data after 
application of the Gaussian noise revealed that the error M  
and dispersion D  are indeed sensitive enough for the 
determination of the technical state of the tested electronic 
device. It is worth noting that this experiment, which we have 
done manually, can be computerized using the proposed 
controller.  
To highlight the advantages of the form  2/ncosk    
with 2k  we argue that higher values of k  correspond to 
the optimal criteria for testing signals and imply higher 
indices of sensitivity and information. The employment of the 
harmonic testing signal with 2k  is the consequence of the 
functional feature for some devices for which the signal is 
squared on its propagation through the device. Higher values 
of k  can be a mandatory requirement for complex electronic 
systems composed of devices connected into a network.  
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