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Abstract. This paper studies stability of the paths of stochastic differential equa-
tions (SDE) driven by time-changed Lévy noise. The conditions for the solution
of time-changed SDE to be path stable and exponentially path stable are given.
We consider the time-changed Lévy noises with small and large jumps. Moreover,
we reveal the important role of the time drift in determining the path stability of
the solution. Related examples are provided. This extends the moment stability of
related SDEs studied in Nane and Ni (2017) and Wu (2016).

1. Introduction

Study of stochastic differential equations (SDE) is a mature field of research.
Numerous types of SDEs have been used to model different phenomena in various
areas, such as unstable stock prices in finance (Merton, 1976), dynamics of biological
systems (Jha and Langmead, 2012), and Kalman filter in navigation control. In
1892, Lyapunov (1992) introduced the concept of stability of a dynamical system.
Since then, the concept of stability have been studied widely in different senses,
including stochastical stability, almost sure stability, exponential stability, etc. Mao
(2008) investigated various types of stabilities for the following SDE

dX(t) = f(X())dt + g(X(£))dB(t), t >0, (1.1)

with X (0) = xo, where B(t) is the standard Brownian motion.
Siakalli (2009) extends Mao’s results to SDEs driven by Lévy noise

dX(t) = f(X(t—))dt+g(X(t—))dB(t)+/ h(X (t—),y)N(dt,dy), t >0, (1.2)
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with X (0) = z¢, where N is the compensated Poisson measure. This type of SDEs
provides as a tool of modeling the price of financial assets with continuous change.
However, empirical observations show that some characteristics of dynamic process
can not be captured by regular SDE. For example, quantitative financial analysts
exploit the Black-Scholes framework in derivative pricing, in which the stock price
is modeled by SDE such as Brownian motion and jump diffusion. However, some
stocks are not actively traded, therefore their prices stay constant for some time
periods, see Figure 1.1. Such phenomenon can not be model by regular SDE,
but the time-changed SDE can describe it. A simple example of time-changed
SDE is dX (t) = o X (t—)dB(FE:) + 6f‘y|<cX(t—)]\~/'(dEt, dy) where X (0) = x¢ and
{E:,t > 0} is the inverse of an o — stable subordinator (Meerschaert and Straka,
2013). The simulation in Figure 1.2 indicates that the time-changed SDE captures
not only the randomness of a regular jump diffusion, but also the empirical observed
periods of constant values. Time-changed SDEs allow more flexibility in modelling
and thus become popular among researchers (Shokrollahi et al., 2016; Wu, 2016).
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FiGure 1.1. Log price of the Kalev stock (Janczura and
Wylomariska, 2009)

It is natural to investigate the characteristics of time-changed SDEs, including
the stability property. What are the sufficient conditions for a time-changed SDE
to be stable? How would the changed time F; influence the stability? Kobayashi
(2011) introduces the duality theorem between time-changed SDEs and the corre-
sponding non-time-changed SDEs, and established the It6 formula for time-changed
SDEs. Soon after Kobayashi’s fruitful results, Wu (2016) establishes the stochas-
tic and moment stabilities of the solution to the SDEs driven by time-changed
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FIGURE 1.2. Simulation of time-changed SDE dX(t) =

o X (t=)dB(Ey) +6 [, ., X (t=)N(dE,,dy)

Brownian motion
dX(t) = f(t, By, X (t—))dt+k(t, By, X (t—))dEy+9(t, Et, X (t—))dBg,, t > 0, (1.3)

with X (0) = zg, where E; is specified as the inverse of an a-stable subordinator,
a € (0,1). In our recent paper (Nane and Ni, 2017), we focus on the following
time-changed SDE

dX(t) = f(t, By, X(t=))dt + k(t, By, X (t=))dEy + g(t, Ey, X (t—))dBg,

+/ h(t, By, X (t—), y) N (dE,, dy), (1.4)
lyl<c
with X (t9) = xo, where E; is the inverse of a strictly increasing subordinator,
and discuss stability of its solution in probability and moment senses, including
stochastical stability, stochastical asymptotic stability, global stochastic asymptotic
stability, pth moment exponential stability and pth moment asymptotic stability.
In this paper, we analyze the path stabilities of the solution to (1.4), then we
move forward to incorporate not only the small jumps but also large jumps:

dX(t) = f(t, By, X(t—))dt + k(t, By, X (t—))dE, + g(t, By, X (t—))dBg,

+f XN E )+ [ H)X )Ny (15)

ly|>c
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with X (t9) = xg, where E; is the inverse of a "mixed” subordinator.

Remark 1.1. This study extends existing research in two aspects. First, the path
stability of a dynamic system is more desirable than the moment stability, it pro-
vides more information about how the dynamic system becomes stable. Second,
existing articles mainly focus on SDEs driven by Brownian motion and small jumps
(compensated Poisson jumps), we incorporate the linear large jumps into the target
SDE, which extends existing models in Nane and Ni (2017) and Wu (2016).

In the remaining parts of this paper, further needed concepts and related back-
ground will be given in section 2. In section 3, the conditions for the solution to our
target time-changed SDEs to be almost sure exponential path stability and almost
sure path stability will be given. Connections between stability of the solution to
time-changed SDE and that of the corresponding non-time-changed SDE will be
disclosed and some examples will be provided.

2. Preliminaries

Let (Q, F,(F:), P) be a filtered probability space satisfying usual hypotheses
of completeness and right continuity. Assume that F;-adapted Poisson random
measure N on R x (R—{0}) is independent of the Brownian motion B(t), define its
compensator N (dt,dy) = N (dt,dy) — v(dy)dt, where v is a Lévy measure satisfying
f]R_{o}(ly|2 A1)v(dy) < oc.

Let {D(t),t > 0} be a right continuous left limit (RCLL) increasing Lévy process
that is called subordinator starting from 0 with Laplace transform

Ee 3P — ¢—tv(s) (2.1)

where Laplace exponent ¢(s) = [;°(1 — e=**)II(dz) with [;°(1 A 2)II(dz) < cc.
Define its inverse
Ey :=inf{r > 0: D(1) > t}. (2.2)

The concept of regular variation is needed to introduce the mixed stable sub-
ordinator. A measurable function R is regularly varying at infinity with exponent
v € R, denoted by R € RV (7), if R is eventually positive and R(ct)/R(t) — ¢”
as t — oo, for any ¢ > 0. Similarly, a measurable function R is regularly varying
at zero with exponent v € R, denoted by R € RVy(y), if R is positive in some
neighborhood of zero and R(ct)/R(t) — ¢" as t — 0, for any ¢ > 0.

Given a measurable function p : (0,1) — Ry such that p € RVp(y — 1) for
some v > 0, let L(u) = C’fol u™*p(a)da and C~1 = fol p(a)da. Without loss of
generality, let C' = 1, then p is a probability density of Lévy measure of the a-stable
subordinators. Let {D(¢)};>0 be a subordinator such that D(1) has Lévy-Khinchin
representation [0,0, ¢] and the Lévy measure ¢ is defined as ¢(u,00) = L(u), then
{D(t)}+>0 is the so called "mixed” stable subordinator. In this case the Laplace
exponent is given by

(s) = /O I(1— B)s’p(B)dp (2.3)

By Theorem 3.9 in Meerschaert and Scheffler (2006), there exists a function
W € RV, (0) such that

E[E(t)] ~ (logt)*W (logt)™* as t — oo. (2.4)
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We require f,k,g,h, H in (1.4) and (1.5) to be real-valued functions and satisfy
the following Lipschitz condition in Assumption 2.1, growth condition in Assump-
tion 2.2 and Assumption 2.3. Under these assumptions, by Lemma 4.1 in Kobayashi
(2011), both of the equations (1.4) and (1.5) with initial condition X (tg) = xo have
unique G, = Fg,-adapted solution processes X (t) .

Assumption 2.1. (Lipschitz condition) There exists a positive constant K such
that

2 2
[t t2,2) = ft1,ta )| + Bt t202) = Kty t2,9)|+ [g(trta,2) = glta,ta,y)

/ 2
’
|z|<e

h(ti,ta, z,2) — h(t1,t2,y, 2)| v(dz) < Ki|z — y/?,
for all t1,t2 € Ry and =,y € R.

2

(2.5)

Assumption 2.2. (Growth condition) There exists a positive constant K5 such that,
for all t1,t, € Ry and z € R,

|f(t1,ta, 2)? + |k(t1, ta, 2)[* + |g(t1, to, z) [?

2.6
[ bttt m ) Poldy) < Kol1 + fa). 20
lyl<e
Assumption 2.3. If X (t) is right continuous with left limits (rcll) and a G;-adapted
process, then

f(t7 Eta X(t_))7 k(t7 Etv X(t_))ﬂ g(t, Et7 X(t_))V h’(tﬂ Et7 X(t_)7 y) € E(gt)7 (27)

where £(G;) denotes the class of left continuous with right limits and G;-adapted
processes.

Note that the Stochastic differential equation (1.4) involves only Lévy process
with small jumps and general scalars for the drift and the standard Brownian
motion and Poisson jump; while the linear stochastic differential equation (1.5)
contains both small and large Poisson jumps with linear scalars. Next, we define
two different types of stability.

Definition 2.4. (Definition 3.1 in Mao, 2008) The trivial solution of the time-
changed SDE (1.4) is said to be almost surely exponentially path stable if

1
lim sup — log | X (¢;t0, x0)] < 0 a.s. (2.8)
t—oo

for all zg € R.

Definition 2.5. The trivial solution of the time-changed SDE (1.4) is said to be
almost surely path stable if there exists a nonnegative random process {v(t),¢ > 0}
such that

tlggo v(t) = oo, (2.9)
and )
lim sup — log | X (¢; to, z0)| < 0 a.s. (2.10)
t—00 V(t)

for all zg € R.

The It6 formula is heavily used in our proofs. We derive the following It6 formula
for time-changed Lévy noise and will utilize it frequently in the remaining sections.
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Lemma 2.6. (1t6 formula for time-changed Lévy noise) Let D(t) be a rell subor-
dinator and its inverse process Ey := inf{r > 0 : D(7r) > t}. Define a filtration
{Gi}i>0 by Gy = Fg,. Let X be a process satisfying the following:
t ¢
X(0) =0+ [ S5, B X(s-)ds + [ K(s,Eu X(s-))dE.

to tO

+/t g(s,Es,X(s—))dBEs—i—/to /y<Ch(s,ES,X(s—),y)N(dEs,dy) (2.11)

¢
+// H(s,Es, X(s—),y)N(dEs,dy),
to J]y|>c

where f,k,g,h, H are measurable functions such that all integrals are defined, c is
a positive constant.

Then, for all F : Ry x Ry x R — R in CHL2(R. x Ry x R, R), we have with
probability one,
F(t, Et, X(t)) — F(t(), EtO,CEO)

t

_ / CLiF(s, B, X(5—))ds + / LoF(s, By, X (s—))dE,

- | /|y|<c [P (5, Bo, X (5=) + h(s, By, X(5-),9)) = F(s, By, X (5-))| N(dEs, dy)

0

+ /t: /IyIZC {F(S,ES,X(S—) + H(s, B, X(s—),y)) — F(S,ES,X(S—))}N(dES,dy)

+ / F.(s,Es, X(s—))g(s, Es, X(s—))dBg,,

to

(2.12)
where

LIF(tIutZa(E) = Ft1 (tlatZux) + Fz(t17t27m)f(t17t27x)7

1
LQF(tl,tQ, 13) = Ft2 (tl,tz, 13) + Fx(t17t27$)k(t17t27x) + 592(t1,t2, li)Fxx(tl,tz,l‘)

+/ |:F(t17t27‘r + h(t17t27x7y)) - F(t17t27m) - Fx(t17t27x)h(t17t27‘r7y)j| V(dy)
ly|<c
(2.13)

Note that the proof of the It6 formula for time-changed Lévy noise follows by
similar ideas as in the proof of Lemma 3.1 in Nane and Ni (2017), thus the details
are omitted. To perform future analysis, we need some conditions under which the
solutions of (1.4) can not reach the origin after certain time tq given that X (¢9) # 0.

Assumption 2.7. For any 6 > 0 there exists Ky > 0, such that

|h(t1, to, 2, y)|(Jz| 4 [h(t1, t2, 2, y)])
k(ti,to, )| + |g(t1,to, —1—2/ v(d
|k (t1,t2, )| + |g(t1,t2, 7)] e PR TR (dy)

< Kyl
(2.14)
and
|f(t1,t2,2)| < Kglz|* , for 0 < |z| < 0 and t,ty € R, (2.15)
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Lemma 2.8. Given that the assumption (2.7) holds, the solution of (1.4) satisfies
P(X(t)#0 for all t > tg) =1, (2.16)

Proof: We follow the idea in the proof of Lemma 3.4.4 in Siakalli (2009) and prove
this result by contradiction. Suppose that (2.16) is not true, that is, there exists
initial condition xg # 0 and stopping time 7 with P(7 < oco) > 0 where

T =1inf{t >ty : | X(t)] = 0}. (2.17)

Since the paths of X (¢) are right continuous with left limit (rcll), there exist
T > 0 and 0 > 1 sufficiently large such that P(B) > 0, where

B={weQ:7(w) <T and | X(#)(w)]| <0—1 forall to <t <7(w)}. (2.18)
Next, define another stopping time
Te =inf{t > to : | X(t)| <eor|X(t)| >0} (2.19)
for each 0 < e < | X (to)|.

Let A = 2Ky + K2 be a constant and define Z(t) = e % |X(¢)|~!. Since
F(ty,to,x) = e 2|z| 7L is in CV12(Ry xRy x (R\0)), and by definition of 7., X (t)
will not reach 0 for tg < ¢t < 7. AT, so It6 formula can be applied to e~ Ereat) | X (TN
)|t

By (2.14) and (2.15),

e MErn DX (1 AT = o]

LT X(s=) f(s, By X(5-)) AT (s, Ea, X(5—))?
‘/m s [ e e,

0

TeNT -1
+/ e_)\Esi )\X S— QdE5+k 83E87X S§— X $— dEé
. o (6B Ko B X)X (o)

+g(s, B, X(s=))X (s—)dBp, |

TeNT i
+/t / =M hX(s_) +h(8,1ES7X(s—)7y)| _ |X(i_)|]N(dEs,dy)
T AT L . .
+/to /y<c6 " [|X(S—) +h(s, B, X(s=), )] [X(s-)]

X (s—)h(s, Es, X(s—),y)
b G
r T —g(s, By X(s—))X (s-)
< . e M K9d8+/t0 AE X (s—)? dBg,
N TEATe_/\ES A —k(s, Bs, X(s—)) X (s—) | g(s, B, X(s—))?
to X ()] X ()P X (=)

+/ [ 1 1
wl<e X (s=) +h(s, Es, X(s=),y)|  [X(s—)
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TeNT B 1 ) ]
[ ] e e ExeT e V@B )

TeNT 2
. Y\ 0Ky + K
§K976/\T+/ e*AEs[ et G]dES

" | X (s—)] | X (s—)|
T AT g, —9(5, By, X(5—)) X (s—)
A Xeop

TeNT B 1 ) ]
e e Exeo - ] e

TeNT
¢ —\E, —9g(s, Es, X(5—)) X (s—)
< K9T+/ e ‘X(S—)lg’ dBE,

TeNT B, 1 ) . )
/ ~/|v<c s—) + h(s, Es, X(s—),9)| |X(S_)|]N(dEs,dy) (2.20)

The penultimate mequahty is derived from lemma 3.4.2 on page 54 of Siakalli
(2009), which states that | + = |w‘3 < |2I|3|’2‘ (yllzl) gop z,y,x +y # 0, thus

|+u| Iw lz+y|
/ [ 1 1 X(s—)h(s,Es, X(s—),y) v(dy)
B U5y Y o ¢ s e g X()F
20h(X (s, By 5-).9)| (s, Bo. X(s=). )| + X (s |

S/m« XGE | (s, B X () y) + X(s)] 1)
o 2Ih(s, Eu. X (=) )l (h(s. Evr X (52).9)| + (X (s2))
= X)) /| (5 Buy X (5—),9) + X(5-) (dy)
K9|X(S—)|: Ky

XEIP - X o

Observe that the last two terms in the last line of the inequality (2.20) are
martingales. Then by taking expectations of both sides, we derive that

E{efA(ETEAT)‘X(Te AT)|*1} < Jao| ™! + KT (2.22)

If w € B, then 7.(w) < T and | X (7(w))| < ¢, then

E[eFrerr e p] < B|e™ P |X (7, (w))| 18]

(2.23)
< E[e e [ X (re(w) 1] < feol ! + KT
Recall the reverse Holder’s inequality: for all p > 1
E(IXY]) = (E[X|V7)P(E(Y|/FD)) @D,
We use the reverse Holder’s inequality with p = 2, X = 1 and Y = e *Frent,

Since X1/2 = X this gives
-1

[P(B))? | E(eMorer) < E{e_’\ETSAT]IB] < €(lxo| ™t + KoT), for all € > 0.

Since the inverse subordinator has finite exponential moment, E(e*Frert)) is
finite for any fixed time T, see Lemma 8 in Jum and Kobayashi (2016). Then,
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letting e — 0, we obtain P(B) = 0, which contradicts the assumption, thus the
desired result is correct. [l

Remark 2.9. When the Laplace exponent of the subordinator is given by (2.3),
an alternative method to show that the expectation E(e(*FrenT)) is finite is to
use the moments of E;. Since {F: ¢t > 0} is nonnegative and nondecreasing, we
have 7. AT < T. Because A > 0, €” is a strictly positive and increasing function,
E(errerr) < E(eMT). Thus, it is sufficient to show that E(e*F7) is finite. By
Theorem 3.9 in Meerschaert and Scheffler (2006), there exists a function W €
RV, (0) such that for any n > 0,4 > 0 and sufficiently large ¢,

E[E}] ~ (logt)"™W (logt)™™. (2.24)

By Taylor expansion and Fubini Theorem,

Elexp(AFE:)] = E[Z )\"Etn] _ Z A'E[E;"] N Z M (log t)""W (log t) ="
n=0

n! n! n!
n=0 n=0

= Z Allog?) VW logt) " = exp(A(logt)"W (logt) ™).

(2.25)
Hence, for fixed large ¢, E[exp(AE;)] ~ exp(A(logt)YW (logt)~1) is finite.
A similar method applies when the Laplace exponent of the subordinator D(t)

is given by
k
=> as?, (2.26)
i=1

where Zle ¢ =1land 0 < B; < P2 < ... < Bk < 1. Then the Laplace transform

of the n-th moment of E; is LIE(E}))(s) = (2,9"7'/3)7, see Lemma 8 in Jum
s(Doioq cisPi

and Kobayashi (2016). Using the Karamata Tauberian Theorem (see Feller, 1971,

Theorem 1 and Lemma on pp. 443-446) we can deduce that for large ¢, E(E}") ~

Cpt"hr.

Lemma 2.10. (Time-Changed Exponential Martingale Inequality) Let D(t) be a
rell subordinator and its inverse process By := inf{r > 0 : D(r) > t}. Let T,
A, k& be any positive numbers, B. = {y € R : |y| < ¢}. Assume random func-

tions g : RT™ — R and h : RT x B, — R satisfy ]E[fOT lg(t)|?dE;] < oo and
T
]E[fo flyl<c |h(t,y)|?v(dy)dE;] < oo, then

P| sup {/ ()dBE—f (s \dE+// h(s,y)N(dE,., dy)
0<t<T 0 lyl<e

L (2.27)
- 7/ /y|<c exp(Mi(s,y)) =1 = )\h(s,y)} V(dy)dES} > n} < exp(—Ak)

Proof: Define a sequence of stopping times (7,,,n > 1) as below

t
/ s)dBg, / lg(s)|>dE, +’/ / h(s,y) dEs,dy)‘
0 ly|<c

exp()\h(s, y)) — 1 — Ah(s, y)} v(dy)dEs

Tn:inf{tZO:

Zn}, forn > 1.

lyl<e
(2.28)



488 E. Nane and Y. Ni

Note that 7,, — oo as n — oo a.s. Define the following It6 process
t t ~
Xu® = [ 96 Lo (dBe, 42 [ [ hs0) Lo (DN (B dy)
0 0 J)yl|<e
t )\2 9
= [ 1SR+ [ Jexp(its0) = 1= Abts )] vldy) | 1. 5)aE,
o |2 lyl<e

(2.29)
with X,,(0) =0 for all n > 0. Then for all 0 <t < T

a0 <3| [ 00610185+ [ [ pe N @B )

A2t 9
5 [ e Lo ()4,

+’ /Of /yKC[exp(xh(s,y))—1—Ah(&y)]1[07%](8),,(@)@3

< An.
(2.30)

Let Z(t) = exp(X,(t)), by the time-changed 1td’s formula (2.12),

exp(X,(t)) — exp(zg) =
— [ exptu()] - 5 l9(6) PLo ()

0

- /| [ =1 Mo )] )

+ /I - [exp(Ah(s,y)) — 1 — Ah(s,y)] Lo, (5)v(dy) + %|g(s)\2]l[om](s)} dE,

o[ Tenplota(s) + Ah(s,) = expl ()] 1o ()N (0 )

2 [ exp(Xa(9)g(6) L ) (1B,

0

:/0 /||< [exp(X,(s) + A(s,y)) — exp(Xn(5))] Lo+, ()N (dE;, dy)

A / exp(Xn(3))9(5) L 0.r,) (5)dBis,.

(2.31)
thus {exp(X,(¢)),0 <t < T} is a local martingale. Since we have

sup exp(X,(t)) <exp(In) a.s. (2.32)
t€[0,T)

there exists a sequence of stopping times (T;,,m € N) with (T,, — oo)(a.s.) as
n — oo such that for all 0 < s <t < T

Elexp(Xy,(t A Tw))|Fs] = exp(Xn(s ATy)) < exp(An) a.s. (2.33)
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By Dominated Convergence Theorem, we have
Elexp(X,(t))|Fs] = hm Elexp(Xn(t A Tin))|Fs]

- w}ﬂnoo exp(Xp (5 A T)) = exp(X,(s)), (2.34)

that is, Z(t) = exp(X,(t)) is a martingale for all 0 < ¢ < T with E[exp(X,(¢))] = 1.
Apply Doob’s martingale inequality

P OittlgTexp(Xn(t)) > exp()\n)} < exp(—Ak)E[exp(X,(T))] = exp(—Ak), (2.35)

equivalently,

]P’{ sup Xn(t)

> /i:| < exp(—Ak), (2.36)
0<t<T A

writing X, (t) explicitly, we have

()
Pl { [ o105, -5 [ 66100105,

0<t<T

//1/<c 5 Y)Ljo.r, ()N (dE;, dy)

,/ / exp()\h(s7y)) -1- )\h(s,y)] IL[O’TWV](S)V(dy)dES} > /i:| < exp(—Ak).
0 Jlyl<c

(2.37)
Define
An:{wEQ: sup {/ ()[OTn] dBE_f/Lg OTn] )Es
0<t<T
t
[ o N @s, (2.39)
y|<c
1 t
_1 / / [exp(m(s,y)) - Ah(s,y)} Ljor) (s)u(dy)dEs} > n},
0 Jlyl<e
then P(A4,,) < exp(—Ak).
Since
Plliminf A,] < liminf P(4,,) < limsupP(4,,) < P[limsup A4,] (2.39)
n—roo n—oo n— o0 n—oo
and
limsupP(A,) < exp(—Ak), (2.40)
n—oo
also
limsup A,, = hm mf A, =A, (2.41)
n— oo
where

A:{weﬂ:sup{/ dBE—f/|g |dE—|—// h(s,y)N (dE;, dy)
0<t<T lyl<e

N 1/0 /y@ exp(M(s,y)) — 1= Mi(s,y) | v(dy)dE, } > w},
(2.42)
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thus
P(A) = Pliminf A,] < limsup P(A4,,) < limsupexp(—Ak) = exp(—Ak). (2.43)

n—00 n— oo n—o00

O

The next result can be considered as a strong law of large numbers for the inverse
subordinator.

Lemma 2.11. Let {E;};>0 be the inverse of the mized stable subordinator D(t)
with Laplace exponent given in (2.3) as defined in (2.2), then

E
lim =% =0, a.s. (2.44)
t—o0
Proof: Fix € > 0 and define
E
A, = { sup —t‘ > e}, (2.45)
2n<t<2n+1 t

then, by Markov’s inequality and equation (2.4), as n — oo, for some v > 0,
E Eynia log(2")]YW (log(2+1)) !
P(A,) gIE[ sup 725} S]EH gt } _ [log(2™)|"W (log(2""))
ancpcontt | L 2n 2n
(n+1)7(log2)"W (log(2" 1))=Y C(n+1)?
- 2n T

(2.46)
By the ratio test, > - P(A4,) < co. Applying Borel-Cantelli Lemma, we have

E
lim —* =0, a.s. (2.47)

t—o0

O

Remark 2.12. Lemma 2.11 can also be proved for discrete case with the help of
Laplace transform. Let E; be an inverse of the subordinator with Laplace exponent
U(s) = Zle ¢;sP, where Zle ;g =1land 0 < fB1 < B2 < ... < Bk < 1. Then the
Laplace transform of the nth moment of E; is L(E(E}))(s) = W

By a Karamata Tauberian Theorem (see Feller, 1971, Theorem 1 and Lemma
on pp. 443-446), since L(E(E;))(s) ~ cs~(HP1) as s — 0 then E(E;) ~ Ct9 as

t — oo. Utilizing this result, eP(A,,) < E[ E22”T'L+1 } ~ (Qn;)ﬁl = 2P12=(1=B1n_thyg
>0 | P(A,) < co. Applying Borel-Cantelli Lemma, we have lim;_, % =0, a.s.

Remark 2.13. We believe that Lemma 2.11 should hold for the inverse of any strictly
increasing subordinator. But we could not prove this in this paper. We are missing
the moment asymptotics for the inverse of any strictly increasing subordinator. We
will work on this result in a future project.

3. Main Results

In this section, we will analyze conditions for almost sure exponential path sta-
bility and almost sure path stability for the SDEs in equations (1.4) and (1.5),
followed by some examples.
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3.1. Stochastic Differential Equations driven by Time-Changed Lévy Noise with
Small Jumps.

Theorem 3.1. Suppose that Assumption 2.7 holds. Let V. € C*(R;R*) and let
p>0,c0>0,c0 €R,c3€R,cq >0,c5 > 0 such that for all zg # 0 and t1,t, € RT,
(erlzlP < V(x), (1)L V(x) <V (x), (iii)LaV (x) < c3V (),

(@)|(9:V (x))g(tr, ta, 2)[* = ea(V (2))?,

V(il?—f—h(tl,tg,l’,y)) V(il?—’-h(tl,tg,(ﬁ,y))—V(fIi)

) lo — v(dy) < —cs.
) /y<[ ( V(z) ) V(x) (dy) °
(3.1)

Then when f # 0 and lim; o % =0 a.s.,

1
limsup - log |[X(t)] < 2 a.s. (3.2)
t—oo b P

and if co < 0, the trivial solution of (1.4) is almost surely exponentially path stable;
when f =0 (i.e. no time drift in the SDE),

1 1
lim sup — log | X (¢))] < f(c — —C4 —C ) a.s., 3.3
t_mpEg| )|p3245 (3.3)

and if c3 < 04 + ¢5, the trivial solution of (1.4) is almost surely path stable.
Proof: Define Z(t) = log |V (X (¢))| and apply time-changed It6 formula (2.12) to
it, then for all ¢ > g,

log [V(X ()| = log [V (x0)]

V) ot [ EVEED
W V(X(s-) f(s, Es, X(s—))ds + VX)) k(s, Es, X(5-))
18§V(X(s—))g2(3,ES,X(s—))_7( V(X (s=))g(s, Es, X (s—)))?

2 V(X(s—)) 2 V(X(5—))?

+/||< {log(V(X(s—)+h(s7ES,X(5_)7y)))_log( (X (5—))
5V( (=),
T () e B X (57, )| v(dy)dE,

/t/|< {k’g =)+ h(s, Es, X(s=),9))) — log(V(X (s—)) | N(dE;, dy)

Jr/t V()()isi))))g(s Es, X(s—))dBg,

+/t 0.V (X (s=))k(s, Es, X(s—)) 02V (X(s—)g%(s, Es, X(5-)))
to V(X (s—)) 2V(X(s—))




492 E. Nane and Y. Ni

8,V (X (s—))
S (D) M Be X (7). 0) | dy)dE,
_ / / [V<X<s—>+h<s,Es X(s=)w)

to Jyl<c V(X(S_))

0.V (X(s—))
O e B X ). )|v(dy)dE

"1 (8.V (X (5-))g(s, B, X (s)))?

/ > V(X(5)? I

/t /| 1BV ) 4 s o X5, 0) — 108V (X (5| ¥ @)

+/t Mg(&ES,X(s—))dBES

V(X(s—))
LX), L [ LV G-)

= log |V (z0)| + ey ), o) 4B
+/to ((S(S))))g(s E,, X(s—))dBg,
/< <X<svg;((<;_ff)2X<s—>>>2dEs
/to/|<p tog ( T/Z(;(SE))X( )y )))]N(dEs,dy)HQ(t),
where
t_/to / o (M) (3.4)
s—) + h(s, ?/()i’((i))) ))—V(X(s—))}y(dy)dEs. :
Define
M(t)*/ <((<S>)))g(s E,, X(s—))dBg, -
/to/|y|<c JXF/?)(;(SE_))X( L )))]N(dEs,dy),

then, applying conditions (ii) and (iii),

log [V(X(t))| < log |V (xo)| + ca(t — to) + c3(Ey — By, ) + M(t) 4 Ix(t)

1 OV(X (s2)a(s, Ba X (5)))? (3.6)
2 / V(X(5-))? A
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By exponential martingale inequality (2.27), for T = n,A = ¢,k = en where
€ € (0,1) and n € N. Then for every integer n > to, we find that

PLE%{M@_;A*@wxwamwﬁgxwa»g&

V(X(s5—))?

/to /y<c +h)(;(sE_’))X( )y )))6_1
_&M(M);ﬁif()mwmw%xﬂgm%%
Since S, exp(—€%n) < 00, by Borel-Cantelli Lemma , we have 0

Pl . {M@ T e =
/to /y<c 1 h;(;(i))x( =) )))6 —1 (3.8)
—elog(V(X( )“‘L/él)(;(i))X( _)’y)))]u(dy)dEs}] <d =1

Hence for almost all w € Q there exists an integer N such that for all n > IV,
o <t <mn,

€ 1 OV(X(5))g(s, By, X(5-))?
M@%/ V(X(5-))2

6/t/yKCKV(X )+h)(:(sE_))X( =)y )))6_1 (3.9)

V(X(s—) +h(s, Es, X(s—),9))
V(X(5—)) )|vtd)ar

dEg + en

+ elog(
Thus,
log [V(X(#)) <log |V (zo)| + c2(t —to) + cs(Er — E,) + I2(t)
1 [" (0V(X(s—))g(s, Es, X (s-)))?
— 5/ dE,

o V(X(s—))?
e [P OV(X(s—))g(s, Bs, X (s)))?
,/ V(X (50))? dEs + en

V(X(s —|—h(sE X(s—),y))\¢
6/to /y|<c V(X (s—)) ) !

(F o ),

+ elog

1—¢€

<log|V(zo)| + 02(75 — to) + c3(Ey — Eyy) + Ia(t) — 5 cs(Ey — Eyy) + en

// —l—h(sE X(s—),y )))6_1
to y|<<, V(X(s—))
)+h(sE X(s—),y )))}V(dy)dES

+elog(
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forn > N, to <t <n.
Letting € — 0, we have

log |V (X (1))] < 1og|v<x0)|+cz<t—t0)+cs(Et—Eto)—%c4<Et—Eto)+12(t> (3.10)

The details can be found in Theorem 3.4.8 in Siakalli (2009) with certain simple
modifications. By condition (v), I3(t) < —c5(E: — Et, ), thus applying condition (i)

V(X(t))|

log | X ()] < = log|
p C1
1 1
< ];[log [V (0)| — log(e1) + calt — to) + (eg — Sea — c5) By - Eto)}.

(3.11)

When f # 0, then ¢o # 0, thus, for almost allw € Q. n—1<t<n,n > N,

1 1l —1 _ 1. E —E
¥10g|X(t)| < 2;[ Og‘V($0)| Og(C1) n Cg(t to) n (63 5C4 65)( t to)},

t t t
(3.12)
then by Lemma 2.11
. 1 c2
limsup — log | X (t)] < = a.s. (3.13)
t—oo L p
When f =0, then ¢y = 0, thus
1. VX(Q®)

1 1
< [1081Vwo)| ~tog(er) + es(Br ~ Buy) — gea(B — Bu) — es (B~ Fuy)],

log [X(¢)] < —log |
p C1

(3.14)
consequently,
lim sup = log | X (t)] < 1((:3 - 1(:4 — C5> a.s. (3.15)
t—ooo By p 2
(]

Remark 3.2. From the proof of the previous theorem, when f = 0, we can deduce
the following. When lim;_, % = 0 a.s., the following estimation is also true.

1
limsup — log | X (¢)] <0 a.s. (3.16)
t—o00 t

Remark 3.3. Path stability provides more information about how the dynamic
system becomes stable than moment stability, sufficient conditions for path stability
in Theorem 3.1 allow us better estimating how time-changed SDE (1.4) becomes
stable. Moreover, Theorem 3.1 shows the impact of changed time F; component
on the stability of SDE (1.4) with and without the drift ”dt” term.

Example 3.4. Consider the following stochastic differential equation

dX(t) = —X(t—)3dE, + X(t—)dBg, + X(t—=)y’N(dE;, dy),  (3.17)

ly|<1

with X(0) = 1, and an infinite Lévy measure v where v(z)(dz) = |z|~2dx for all
z €R.
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Choose the Lyapunov function as V(z) = 22 which satisfies the conditions (i)
and (ii) in Theorem 3.1. Furthermore,

LoV (z) = —§x2 + %xf + {/|y§1 [(1+ ¥z —1— ggf]u(dy)}x%
—%,gx% 3 2% _ 1 _ 2,21,
— [ - +8+/|y<1 [+ —1- 5y (dy)] 1)
<z [% +/|y<1[(1 +1)7 -1 292]V(dy)}
< 575V ()

3
2

The last inequality is derived through numerical computation, f\yl < l(A+y?)
1= 3% u(dy) = [, < [(1+97)% =1 — $y2)|y| 2dy ~ .1962.

In addition, |V, (z)g(z)?| = |%x%x|2 = 2V (2)? and by numerical computation
:z:+:cy2 b erzyQ%fx%
[ Do (55) = = )
HES! z (3.19)

3
:/ {f log(1+y2)—(1+y2)% +1}\y|_%dyz—.5051.
lyl<1

The constants of Theorem 3.1 are p = 1.5, ¢3 = .575, ¢4 = 2.25, ¢5 = .51,
then %(Cg — %64 — 05) < —.7 <0, thus the trivial solution of stochastic differential
equation (3.17) is almost surely path stable.

Theorem 3.1 also applies to finite Lévy measure case, for example, uniform dis-
tribution on [0, 1] as below.

Example 3.5. Consider the following stochastic differential equation

dX(t) = —X(t—)?dE; + X (t—)dBg, + X(t=)y*N(dE,, dy),  (3.20)
lyl<1
with X (0) = 1, v is uniform distribution [0, 1].
Choose the Lyapunov function as V(z) = x? which satisfies the conditions (i)
and (ii) in Theorem 3.1. Furthermore,
3 2

LoV (x) = f;xQ + %:175 + {/|y<1 [(1+y?)2 —1- 2Y ]V(dy)}x

(MY

=t[-3ota e [ et o1 )

lyl<1 2 (3.21)

3 g 3

- 1+9y%)2 —1 - Zy*v(d
8+/|y§[( +v7) 5Y’] (y)}
)

The last inequality is derived by the following argument, Let f(y) = (1+y2)2 —
1— 342, then f/(y) >0 for 0 <y <1and f'(y) <0 for =1 <y < 0. Thus f(y) <
f(1) = f(—1) = .33, for —1 < y < 1. Since v is assumed to be uniform distribution

3
on [0, 1], flylgl[(1+y2)2 —1-3y2lv(dy) = f\ylgl flyv(dy) < '33f|y|S1 v(dy) < .33.

Thus, =3 [% + ﬁy\gl[(l +92)F —1— %yQ]u(dy)} < z%[% + .33 <22 = V().
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FIGURE 3.3. log(X(t))/E; of SDE (3.20)

In addition, |V, (2)g(z)?| = |3272[> = V(2)? and

[ ey e

&€ x

[S][)

3
— 2

Jvtay)
(3.22)

= /y|<1 E log(1+y?) — (L +y*)= + 1]V(dy) < —.018.

Similar as above, the last inequality can be proved as following. Let f(y) = % log(1+
y2) — (1 +42)2 + 1, then f'(y) < 0for 0 <y <1and f'(y) >0 for =1 <y < 0.

Thus

/y|<l E log(1 + y2) —(1+ y2)% + 1} v(dy) = / Fy)v(dy)

ly|<1

§/5Sy§1f(y)V(dy) = 2/_5§y§1f(y>V(dy) < 2/_5§yg1f('5>y<dy) (3.23)

<2 /Sgygl —.062v(dy) = —.124 /_59Sl v(dy) = —.124[®(1) — ®(.5)]

= — .124(.8413 — .6915) < —.018

The constants of Theorem 3.1 are c3 = 1, ¢4 = 2.25, ¢5 = .018, then 2X1§ <03 -
2
%04 — 05) = —.0477 < 0, thus the trivial solution of stochastic differential equation

(3.20) is almost surely path stable. A simulation of a path of SDE in equation
(3.20) is given in Figure 3.3, it can be observed that w

when t is large, which illustrates our analysis above.

is strictly below 0

Remark 3.6. Note that f(z) = 23 fails to be a Lipschitz function and does not
have linear growth condition. However, existence of unique solution to (3.20) is
guaranteed by Theorem 3.5 on page 58 of Mao (2008). It also should be noticed that
the Lipchitz condition 2.1 and growth condition 2.2 do not contribute to the proof
of Theorem 3.1 except guaranteeing the existence and uniqueness of the solution
to time-changed SDE (1.4).
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Remark 3.7. In the figures of all examples, we assume that E(t) is the inverse of
stable subordinator with parameter o = .8.

3.2. Stochastic Differential Equation (1.5) driven by Time-Changed Lévy Noise in-
cluding Large Jumps.

First, let us discuss exponential stability of the following time-changed SDE with
noise that has only small linear jump

dX(t) = f(t, By, X (t=))dt + k(t, Ey, X (t—))dE; + g(t, E¢, X (t—))dBg,
+ / h(y) X (t—)N (dE, dy),
lyl<c

with X (t9) = xo, which is a special case of (1.4) when h(ty,ts, x,y) = h(y)xz. Then
we extend (3.24) to (1.5) by adding large jumps fly|>c H(y)X(t—)N(dE:, dy) .

(3.24)

Assumption 3.8.
z.— [ IV )iy < oo (3.25)

Theorem 3.9. Given Assumptions 2.7 and 3.8, suppose that there exist £ > 0,y >
0,6 >0, K1, Ko € R such that the following conditions

(nlef < lgttr,tz ) < €la, @) [ hlwldy) > 5
lyl<c (3.26)
(3)f (t1,ta, x)x < Knlaxf?, (4)k(t1, bo, )z < Ka|z|?
are satisfied for all v € R and t1,to € RT. Then when f # 0 and lim;_.o % =0
a.s., we have
hmsup 10g|X( )| < K a.s. (3.27)
t—

for any xg # 0, the trivial solutzon of (3.24) is almost surely exponential path stable
if K1 <0; when f =0, we have

1
limsup — log | X (¢)| < —<7_K2 _¢ —/ log(1+ |h(y)|)v(dy) +5) a.s. (3.28)
t—o0 Et 2 ly|<c

for any xg # 0, the trivial solution of (3.24) is almost surely path stable if v >
K> + % + f|y|<clog(l + |h(y)])v(dy) — 6.

Proof of Theorem 5.9: Fix xg # 0, then by It6 formula for time-changed SDE, see
Lemma 3.1 in Nane and Ni (2( l() we have

log(|X (t)[*) = log(|zo[*) + /Lllog(\X(s—)l2)dS+/ Ly log(|X (s—)*)dE,

to

/ [ [os6) + X0 hto, B ) b1 X (5 )] ¥ )

d
+/t0 M@@log(l){(s )*)g(s, Es, X (s—))dBg,
(3.29)
where o)
Lylog(|X(s—)?) = o5 f(s, Es, X (5—)) < 2K, (3.30)

[ X(s=)[?
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2X(s—)
[ X (s—)I?

+/< [log(|X($*)+h(y)X(57)|2)flog(|X(sf)|2)72h(y)}y(dy)_

|g(s, ES’X(‘S*))P

o s—)|? =
Ly log(| X (s—)[")dE; [ X(s—)P?

k(s,Es, X(s—)) —

(3.31)

Applying condition (2) and Assumption 3.8 to (3.31),

/t Lylog(| X (s—)|?)dE,

broX(s—) o lgs, Bs, X (52)) 1P
| [ mtte: B x6-) S )

w1 DosX () h) X)) ~los(X () ) —2n)] ] a2

P r2Ks| X (s—)?
= / Toor
reoplams [ [ [ [loa( o))y ~21]a,
< /t 2KydE, + 2(E; — Eto)/
— (227 +26 = &) (B — Eyy) '
< (B¢ — Ey,) [2/

lyl<e

[10g((1+ [h(y)])) | v(dy)

|<c

log(1 -+ |h(y) v (dy) + 2K + € — 27 — 23].

(3.32)
Note that both

M) = [ - 10B(X (s=)P)als, B X (s=))dB, (33

and
o) = [ /|| [108(1X(s-)+ X (s )h(y) ) ~log(| X (s—) )| N (dE, dy) (3.34)

are martingales.
Now,

log(|X (8)[?) <log(|zo|?) + 2K (t — to) + My (t) + M (1)

+ (B, —Eto)(Q/

yl<e

log(1 + [h(y) v (dy) + 2K + € — 2y = 26).

(3.35)
By Theorem 10.17 in Jacod (1979), (B o E)(t) = (B) o E(t) = E¢, this implies

that
(M) (1) = /

t
< /t A¢dE, = 4¢(Ey — Ey,).

s B X (o) a.

(3.36)
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Define pay, (t) = [/ HE) then

to (1+E.)2°
(<ag [ B g [T A ARy L1
PI=5 ) O+ B2~ g, 9?2  Ttsle, U tE, 1+5"
(3.37)
then
1 1
i < i — < . .
tgnolole(t)_tgr&%[lJrEto 1+Et})_4§<oo (3:38)
By Theorem 10 of Chapter 2 in Liptser and Shiryayev (1989),
. My(t)
Similarly,
t
2
an < [ [ [2logt + ) ridn)ae.
to \y\<c
t
<[ [ anwPuaae. (3.40)
to J|yl<c
t
< / 4Z.dE, < AZ(E, - By,),
to
S0
li t) < lim 47, " _dE, 3.41
Hm par(t) < lim 4Z. | ey <00 as (341)
As a result,
. My(t)
tll)lglo Tt = O, a.s. (342)
In the end, since
. Ey
lim — =0, a.s., (3.43)
t—o0
and
log | X (t)] < log |zo| n 2K, (t — to)
t - t t
_ £~
B By Jor( ) + o 4§ =7 -0)
t
Mi(t) B, | Ma(t) By
2B, t | 2B, ¢
thus,
log | X (¢
lim sup log |X(®)] < Kj a.s. (3.45)
t—o0 t
When f =0,
log |X(t)] _ loglo| (Bt = Ety) ([} < log(1 + [h(y)Jv(dy) + Ko+ 5 — 7 = 0)
Et - Et Et
My(t) | My(t)
28, 28,

(3.46)
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thus,

log | X (t
limsup%t()‘ < / log(1 + [h(y))v(dy) + Ko + g v —das.  (347)
y|<c

t—o0
O
Ezample 3.10. Consider the following stochastic differential equation
X(t— ~
dX(t) = —sin(X (t—)) X (t—)dFE; + ( )dBEt +/ 16X (t—)y>N(dE;, dy),
Be+1 lyl<1
(3.48)

with X (0) = 1, and an infinite Lévy measure v where v(z) = |z|~2 for all z € R.
Applying Theorem 3.9, 0 < |g(x,t1,t2)?| < |z]?, f|y\§1 h(y)v(dy) = & and

k(ti,ta,x)z < |z, thus v =0, { =1, § = &, K, = 1. In addition, f|y‘<110g(1 +
() (dy) = [, log(1 + 16y2)|y| =5 dy ~ 8.404.

t—o00 t 2

lim sup Eilog 1 X(t)] < —(’Y — Koy — &_ / ‘ log(1 + |h(y)|)v(dy) + 5)
vi<t (3.49)

Q

1 64
—(0-1- 3 78.4O4+§) <0 a.s.
Hence, stochastic differential equation (3.48) is almost surely path stable.

Theorem 3.9 also applies to finite Lévy measure case, for example, uniform dis-
tribution on [0, 1] as below.

FEzample 3.11. Consider the following stochastic differential equation

X(t— -
dX(t) = —sin(X (t—)) X (t—)dE; + ( )dBEt +/ 16X (t—)y>N(dE;, dy),
B+l ES
(3.50)
with X (0) = 1, v is uniform distribution [0, 1].
Applying Theorem 3.9, 0 < |g(z,t1,t2)?| < |z|%, fly\<1 h(y)v(dy) > ¢ and
k(tlat27x)x < |:C|27 thus v=0, g =1, 0= I:TG7 Ky =1.
. 1 £
limsup —log | X (1) < — (v Kz = 2 = [ log(1 + |a(y)|)w(dy) + )
oo B 2 Jyl<e (3.51)

1 16
=—(0-1- 3 log(17) + E) <0 a.s.

Hence, stochastic differential equation (3.50) is almost surely path stable. The
simulated path of SDE (3.50) is given in Figure 3.4. The ratio of w
below 0 for large time t, this is consistent with above analysis.

is strictly

Next, we analyze the following time-changed stochastic differential equation in-
volving large jumps,

dX(t) = H(y)X(t—)N(dEy, dy), (3.52)
ly|>c

with X (¢p) = 29 € R and H : R — R is a measurable function.
Before stating the next theorem, we need another assumption, see Siakalli (2009).
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FIGURE 3.4. log(X(t))/E; of SDE (3.50)

Assumption 3.12. Assume that

/ H@)Pvidy) < o0 (3.53)

and that H(y) # —1 for |y| > c.

By above assumption, the function H(y)z satisfies Lipschitz and growth con-
ditions, assuring the existence and uniqueness of solution to equation (3.52). In
addition, H(y) # —1 implies that P(X(t) # 0 for all t > ty) = 1, this is an
application of interlacing technique in Applebaum (2009), details can be found in
Lemma 4.3.2 in Siakalli (2009) with simple modification.

Theorem 3.13. If

sup / [10g(Jz + H (y)a]) — log(la])|v(dy) < ~K, (3.54)
z€R—-0J]y|>c

for some K > 0, then the sample Lyapunov exponent of solution of (3.52) exists
and satisfies

1
lim sup oA log| X ()] < —2K a.s., (3.55)

t—o0 t

for any xo # 0, that is, the trivial solution of (3.52) is almost surely path stable.

Proof: Fix xg # 0, apply It6 formula (2.12) to log(| X (¢)|?), then for any t > 0,
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log(|X (1))

= togtod) + [ [ [lon(1X(s) + H)X ()~ lom(1X ()| N B )
= toated) + [ [ [lon(1X(s) + H)X ()~ lom(1X ()| N (B, )

o (3.56)
Let Ms(t) = f; f\y‘zc [log(|X(8) +H(y)X(s)]?) —log(|X(s)|2)] N(dE,, dy), similar

ideas as in the proof of the corresponding inequality for My (¢) in the proof of
Theorem (3.9), we have

. Ms(t)
Jlim %t =0, a.s., (3.57)
thus
log(|X(®)[*) _ log(x3)
Et - Et
. (Bt = Ety) sWg<ocs Jiy>e {log(lX(S) + H(y) X (s)[?) —log(1X (s)*) | v(dy)
E,
%Oiggt/D [log(lX(S) + H(y)X (s)]?) — log(1X (s)[*) [v(dy) < —2K,
o (3.58)
as t — oo. O

Next, by similar ideas as the proof of Theorem 4.6.1 in Siakalli (2009), it is not
difficult to derive the following theorem for the following time-changed SDE
- 3.59
[ wxeINaEd + [ HXEN@E) )

lyl<e

ly|>c

with X(to) = xg.

Theorem 3.14. Given assumptions 2.7, 3.8 and 3.12, suppose that there exist
£>0,v>0,0 >0,K1, Ky € R such that the following conditions

(Wfof? < lg(or,t2,0) < €lel”, @) [ s zs

(3)f(t1,t2, 2)x < Kylz[*, ()k(ty, te, x)z < Ks|a|?

are satisfied for all x € R and t1,ts € RT. Then when f # Oand lim;_, % =0
a.s., we have

1
limsup - log | X ()| < K; a.s., (3.61)
t—o0 t
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for any xog # 0, the trivial solution of (1.5) is almost surely exponentially path
stable if K1 < 0; when f =0, we have

1
lim sup — log |z(t)| < f('nyg _¢ 7/ log(1 + |h(y))v(dy) + 6 — M(c)) a.s.,
t—oo Pt 2 lyl<c

(3.62)
where M (c) = sup,ep_ o} f\yIZc [log(|x + H(y)z|) — log(\x|)} v(dy) < oo, for any
xo # 0, and the trivial solution of (1.5) is almost surely path stable if v > Ko +
S+ Jjy<clos(1 + [h(y))v(dy) — 6 + M(c).
Proof: Application of Theorem 3.1 and Theorem 3.13. O

Remark 3.15. The Theorems 3.1 and 3.14 show that the coefficient of ”dt” (i.e. the
drift term) plays the dominating role in determining the almost sure exponential
path stabilities. In absence the of ”dt” part, almost sure path stability is the result
of the coeflicients of the other components.

Next, we list some examples to illustrate the results of above theorems.

FEzample 3.16. Consider the following two stochastic differential equations

dX(t) = X (t—)dt + X (t—)dBg, +/t/ X (t—)y>N(dEy, dy)
0 Jlyl<1

¢ (3.63)
+ / X(t=)y*N(dE;, dy)
0 Jlyl>1
with X(0) = .1 and v is standard normal distribution, and
dX(t) = —X(t—)dt + X (t—)dBg,
(3.64)

t t
w2 [ X-pNEdy 2 [ [ X NGBy
0 Jy|<1 0 Jy|>1

with X (0) = .1 and v is standard normal distribution.

Figure 3.5 illustrates that stochastic differential equation (3.63) is not almost
surely exponentially path stable, this is because ”dt” component exists in the linear
stochastic system, such component plays dominant role in determining almost sure
exponential path stability and has positive scalar 1, thus limsup,_, . 1 log|z(t)] <
1, this is not enough for almost sure exponential path stability.

In contrast, as illustrated in the Figure 3.6, (also verified by Theorem 3.14)
stochastic differential equation (3.64) is almost surely exponentially stable. This is
because that coefficient for dt in (3.64) is -1, thus limsup,_, . T log |z(t)| < —1, this
implies almost sure exponential path stability.

Example 3.17. Consider the following two stochastic differential equations
dX(t) = —-X(t—)dE; + X (t—)dBg,

t - t , (3.65)
s [ [ X SaEd s [ xeoNE.d)
0 Jy|<t 0 Jly[>1
with X (0) = —3, and v is standard normal distribution, and
dX(t) = -X(t—)dE; + X (t—)dBg,
(3.66)

t t
+ / X(t- )N (dE,, dy) + / X(t- )2 N(dE,, dy)
0 Jlyl<1 0 Jy|>1
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FIGURE 3.5. log(X(t))/t of SDE (3.63)

logX[t))t
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FIGURE 3.6. log(X(t))/t of SDE (3.64)

with X (0) = —3 and v is standard normal distribution. In both of the equations
(3.65) and (3.66), ”dt” component is missing, thus almost sure exponential path
stability is no longer possible. However, almost sure path stability is possible,
depending on the scalars of time-changed drift, Brownian motion, and Poisson
jump.

In stochastic differential equations (3.65), the corresponding parameters are
Ko=¢=v9=1,8=2,h(y) = Hy) =y?>and 0 < § < f‘y‘<1y2l/(dy) < 1,



Stochastic differential equations driven by time-changed Lévy noises 505

T T T T T T T
0 200 400 600 800 1000 1200

FIGURE 3.7. log(X(t))/E; of SDE (3.65)
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FIGURE 3.8. log(X(t))/E; of SDE (3.66)
by Theorem 3.14

1
lim sup A log | X (¢)]

t— o0 t

1
< —(1 -1-=-- log(1 4 y*)v(dy) + .2 — sup / log(1 + y2)1/(dy))
2 lyl<1 zeRI—0J|y|<1

< / log(1+y*)v(dy) +.3 a.s.,
lyl<1

(3.67)
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which is not enough to conclude the almost sure path stability of stochastic differ-
ential equations (3.65).

However, in stochastic differential equations (3.66) corresponding parameters are
Ky=1,6=2v=¢(=4,h(y) =H(y) =y?and 0 < J§ < f‘y|<1y2u(dy) <1, by
Theorem 3.14

1
lim sup —- log | X (¢)]
t—o0 Et

< —(4 -1-2- / log(1 + y*)v(dy) +.2 — sup /| - log(1 + yZ)V(dy))

ly|<1 z€RI—0

< -8+ 2/ log(1 4+ y*)v(dy) < —.8 + 2/ y’u(dy) <0 a.s.,
lyl<1 lyl<1
(3.68)

thus the solution of stochastic differential equation (3.66) is almost surely path
stable.
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