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Abstract: - Assigning seats in the same compartment to different fare classes of passengers is a major problem
of airline seat allocation. Airlines sell the same seat at different prices according to the time at which the
reservation is made and other conditions. Thus the same seat can be sold at different prices. The problem is to
find an optimal policy that maximizes total expected revenue. To solve the above problem, this paper presents
the novel computational approach to optimization and dynamic adaptive prediction of airline seat protection
levels for multiple nested fare classes of single-leg flights under parametric uncertainty. It is assumed that time
T (before the flight is scheduled to depart) is divided into 4 periods, namely a full fare period and A-1
discounted fare periods. The fare structure is given. An airplane has a seat capacity of N. For the sake of
simplicity, but without loss of generality, we consider (for illustration) the case of nonstop flight with two fare
classes (business and economy). The proposed airline's inventory management policy is based on the use of the
proposed computational models. These models emphasize pivotal quantities and ancillary statistics relevant
for obtaining statistical predictive limits for anticipated quantities under parametric uncertainty and are
applicable whenever the statistical problem is invariant under a group of transformations that acts
transitively on the parameter space. The proposed technique is based on a probability transformation and
pivotal quantity averaging. It is conceptually simple and easy to use. Finally, we give illustrative examples,
where the proposed analytical methodology is illustrated in terms of the two-parameter exponential
distribution. Applications to other log-location-scale distributions could follow directly.
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1 Introduction seat protection levels for multiple nested fare classes
of single-leg flights has been considered in
numerous papers.

Basically, there have been two static models of
airline seat reservation: nested and non-nested. In
non-nested model, distinct numbers of seats called In [1], the author was the first to propose a
buckets are exclusively assigned to each fare class. solution method of the airline seat allocation

The sum of these buckets adds up to the total problem for a single-leg flight with two fare classes.
The idea of his scheme is to equate the marginal

revenues in each of the two fare classes. He suggests
closing down the low fare class when the certain
revenue from selling low fare seat is exceeded by
the expected revenue of selling the same seat at the
higher fare. That is, low fare booking requests
should be accepted as long as

airplane seat capacity. In nested model, each fare
class is assigned a booking limit, which is the total
number of seats assigned to that fare class
(protection level) plus the sum of all seat allocations
to its lower fare classes.

Earlier revenue management models considered
non-nested seat allocations. However, a major

difficulty with non-nested seat allocation is that if ¢, >¢,Pr(Z, > n,), (1)
the limit for a fare class is reached, a booking

request to that class is denied, while a lower fare where ¢1 and c; are the high and low fare levels
bucket remains open. In a nested seat allocation, this respectively, Z; denotes the demand for the high fare
booking denial does not happen as the inventories (or business) class, n; is the number of seats to
are shared among each fare class and its lower protect for the high fare class and Pr(Z;>n)) is the
classes. The problem of constructing optimal airline probability of selling more than n; protected seats to
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high fare class customers. It should be noted that
an analytical proof of (1) is not given.

Now we describe how it can be determined
protection levels for multiple nested fare classes of
single-leg flight when we deal with /=2 nested fare
classes. The performance index which can be used
to determine the optimal allocation of seats between
/=2 dependent (i.e., nested) fare classes, subject to
the total airplane seat capacity constraint, is given as
follows.

Maximize the total expected revenue for a
single-leg flight with /=2 nested fare classes,

O(n,n)=0,(n,) + E, {Ql (m +n, _Zz)}
=6 |:”2 _]ze(Zz)de}

ny

ﬂ[nl R

0

n +Vlz -z

F(z))dz, :|,/2 (z,)dz,

0

©

+q J{nl —TE(zl )dzl}/z(zz)dzz, @)

ny

subject to

Zzlnj:N,

J=1

n,20 forje{l,2}, (3)

where
Q,(n))=E, {c/ min(nj,Zj)}

= [if z,f;(z;)dz,; +Tnjfj(zj)dzj}

=¢; {Z./Fj (z; )‘Zj - ]£ Fi(z;)dz; +n, (1 —F;(n; ))}

= {”f - T F(z, )dz./}

represents the expected revenue from the jth fare
class, ¢; is the fare level for the jth fare class, n;
denotes the protection level for the jth fare class, Z;
denotes the customer demand for the jth fare class,
f;(z;)is the probability density function of Z;.

Theorem 1. If the performance index is given by
(2), (3), then the optimal protection levels have to
satisfy the following system of equations:

“)

n, =arg(c2 =clf](nl)), n, =max(0,N—nl) (5)
Proof. A simple application of the Lagrange

multipliers technique leads to the optimal solution
satisfying
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20(m,m,) _ 0Q(m,,n,)

, 6
on, on, ©
where
o0(n,,n T
% =c¢, =, F(n)+ ¢en f,(n) +¢ I f2(z,)dz,
, 0

—-¢ []I-F;(Zl)dzljfz(nz)_quf}:;(nl +n, —Zz)fz(zz)dzz

—an f,(n)+¢ [TE(Zl)dzljfz(nz)’ @)

M = Cl]zfz(zz)dzz _CIT F(n +n,—z,) f,(z,)dz,
on, 0 0
+ clez (z,)dz, _CI]EE(nl )/2(2,)dz,. ®)
It follows from (6) that
G [l—Fz(nz)]=6'1F2(7’l2)[1—1;;(n1)] )
or _
¢, = F(n). (10)

This ends the proof.

In [2], the authors showed that in the presence of
[ tariff classes under certain conditions of continuity,
the conditions for optimal nested protection levels
are reduced to the following set of probabilistic
statements:

c,=¢,Pr(Z >n),

¢, =¢,Pr(Z,>nNZ +Z,>n +n,),

X, >nNZ+Z,>n,
=

+n, ﬂ...ﬂiZi >Zni .
i=1 i=1

These statements have an intuitive interpretation,
much like Littlewood’s rule. To illustrate the
method of [2], consider a single-leg flight with /=3
nested fare classes. In [2], the authors show that (for
the case of /=3) the conditions for the optimal
nested protection levels reduce to the following set
of probability statements:

¢, =¢, Pr(Z, >n,),

¢ =cPr

(an

(12)

G =q Pr(Z1 >n,Z +Z,>n, +n2),

(13)

where (12) has to be transformed (in terms of
probability distributions) to

¢, =¢F(n), (14)
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(13) has to be transformed (in terms of probabilities)
to

Pr(Z,>n +n,)

c=¢ Pr n<Z <n +n, > (15)
NZ,>n+n,-Z,

(15) has to be transformed (in terms of probability
distributions) to

F;(nl +n,)

r11+n2_ 2 .
| Fz(zni—zlJﬁ(zl>dz.
) i=1

n

(16)

¢ =c

In other words, the method of [2], needs the
system of equations (in terms of probabilities),
¢, =¢ Pr(Z, >n),
Pr(Z, >n +n,)+
¢ =¢ n<Z <n » (7
r
+n,NZ,>n +n,-Z2,
which has to be transformed to the system of
equations (in terms of probability distributions),
c, =c,F(n),

F(n +n,)
n+n,

G =¢ — (& .
+ .[ F, n =z, | fi(z)dz,
T

m =

(18)

The complex empirical transformations of the
system of equations (12), (13) (set of probability
statements) to the system of equations (18) (in terms
of probability distributions), in order to determine
optimal protection levels for /=3 nested fare classes,
show that the method of [2], is not suitable for
practical applications if the number of nested fare
classes [ > 4.

Unfortunately, we did not find a numerical
example in the literature for the case when the
number of nested fare classes / > 4.

2 Optimization of Airline Seat
Protection Levels for Nested Fare
Classes of Single-Leg Flights

The performance index which can be used to
determine the optimal allocation of airline seats
between [ dependent (i.e., nested) fare classes,
subject to N (the total airplane seat capacity), is
given as follows.

Maximize the total expected revenue for a
single-leg flight with / nested fare classes (say, /=4)
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Q(nl,nz,n3,n4) =Q4(l’l4)

+

=
—

1©
VR
-

S

|

N
N——
N

+E4{E3{EZ{QI(JZ4;11J—ZZJ}H, (19)

subject to

dn,=N, n, >0 forj=1(1)4,

4
J=1

(20)

where
O,(n)=E,{c,min(n,,Z))} =¢, {ul —]AF}(ZI)dZ;J (21)

represents the expected revenue from the /th fare
class, ¢; is the fare level for the /th fare class,
(< cr1<...<c1), m denotes the booking limit
for the Ith fare class, Z; denotes the customer
demand for the /th fare class, f(z) is the

probability density function of Z;, F(z,) is the
cumulative distribution function of Z,,

E, {Q/—l [;l "4 j}

. ;] n;=z
_[ F o (z,)dz,, |f,(z)dz,

i
:CI_IJ. Zn‘/—Zl—

0| Jj=I-1 0

0

+ cl—lj[nl—l - ];l F, (Zl—l)dzl—l}/l(zl)dzl (22)

n
represents the expected revenue from the (/—1)th
fare class, n,, denotes the protection level for the

(I-1)th fare class, and so on.
Theorem 2. The optimal solution for the above
performance index (19) is given as follows:

6= clfi (n))
(from o0, n,) = GQ(nl,nz,)} (23)
on, on,

_ n_ (2
¢ =c,F(m) + ¢, | Fl(zn,- —zszz(z»dzz or
0 J=1

_ ny+ny _ )
C3=CI{F;(nl+n2)+ _[ sz[znj_zl],/l(zl)dzl]
=

m
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[ﬁom 0Q(mmy.m) _ 0Q(mmy.m)

n, on,

_ 3
j=1
c,=¢| + _[ ]72( nj—zljfl(zl)dz1
n J=1

ny+ny+ny 3
_[ F{Z”/ }/(zl)dzl
j=1

n+ny

j, 24)

M-

from oQ(n,n,,ny,n,) _ oQ(n,n,,ny,n,) . (25)
on, on,

Proof. The proof follows using the technique of
Lagrange multipliers. Here it is omitted and will
appear elsewhere.

For example, consider again a single-leg flight
with /=3 nested fare classes. It follows immediately
from (23) and (24) that the optimal protection levels
have to satisfy the following system of two
equations:

6= Clﬁl(”l)’

_czF (n2)+CIJ.F[Zn szfz(zz)dzz (26)

Jj=1

Theorem 3. It can be shown that the system of
two equations (26) can be transformed to (18).
Proof.
It follows from (26) that

2 "2

i=1

_szF(Zz)

0

_TFz(Zz)E’[ini _Zszzz ZFI(nl)Fz(”z)

_f (l_ﬁz(zz))ﬁl(zni _szdzz =F1(n1)(1—172(n2))
_’_lf Fi' (ZZ:HI _szdzz +]2}72(22)Fi' (ZZ:HI _szdzz

i=1

+IF[Zn jﬁl z, dzl

=E(n1)—l?1(nl)1?'2(n2)—1?;(22:ni _sz

0
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= F,(n)) = F,(n))F,(n,)— F,(n) + F,(n, +n,)

”lj.”z [Zn Jf z,)dz,

:—fi(ﬂl)f;(nz)_{_ﬁi(nl +n2)

"l].”z ( }/1 (z,)dz, 27)

2

an_ -2z,=2, (28)

i=1

where

2
=>'n -z, (29)
i=1
Substitution (27) into (26), we have

¢ =¢,F(n) +¢ IE [Zn/ _szfz(zz)dzz
0 J=1

= clfi (n, )Fz (ny)— clfi (m, )Fz (n,) + CIFi (n, +n,)

j (Zn jle dz,

_CI[F(nl+n2)+mrF(Zn }fl(zl)dzlj,(m)

n

where
¢, =¢F(n). (€29)
Thus, using two different analytical approaches, the
same result (18) was obtained. This indicates the
correctness of the used analytical approaches and
completes the proof.
For example, it follows immediately from (23)
and (24) that the optimal protection levels n; and n,
can be determined as

1

=argrg§n{ﬂ<nl>—(l—2—2ﬂ, (32)

- 12

F(n1 +n,)

j [Zn ]—— . (33)

m cl

(X h (zl)dz1
For example, in the case of a single-leg flight

with /=3 nested fare classes, the performance index
is given as follows.

2
n, =argmin [Fl (n,) —c—z} ,
n cC

n, =argmin
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Maximize the total expected revenue for a
single-leg flight with /=3 nested fare classes,

O(ny,n,,ny) =c, {”3 - IF;(Zz)dZ3:|
0
+czj{nz+n3—z3 | mzz)dzz}mza)dz}
0

0
+c2f[nz -| E(z»da}/s(zs)dzs
0

ny

ny | ny+ny
+cl.[ .f [m +n,+ny—z,—z,
0 0

Myt —z3—2)

- Fl(zndzl]A(z»dzz}ﬁ(zg)da

0

+01j j {nl — jE(zl)dzl}ﬁ(zz )dzz}@(%)dz3
0| ny+ny—z; 0

+CIJ‘ Il:nl T, =z, = J. E(Zl)d21:|f2(zz)dzz}

ny| 0 0

x f1(z;)dz,
+CIJ.{J.{}11 - j Fl(zl)dzl} ﬁ(zz)dzz}ﬁ(%)dzp (34)
ny| m 0
subject to

3

an:N, n, >0 forjefl,?2,3} (35)
A sirﬁple application of the Lagrange multipliers

technique leads to the optimal solution satisfying

(35) and

C :clfi(nl)
from oQ(n,,n,,n,) _ o00(n,ny,n,) |,
n, on,

¢, =, Fy(m) + ¢ [ Fi(m +n, - 2,),(2,)dz,
0

.(36)
o 00mm) _ 30 my,m,)

on, on,

3 Exponential Distribution

Let U= (U, < ... < U,) be the n ordered observations
(order statistics) in a sample of size n from the two-
parameter exponential distribution with the
probability density function (pdf)

fw(u):lexp(—g], p>0,uzv, (37)
P P
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and the cumulative distribution function (cdf)
u—v =
F (u)=1- exp(——], F (u)=1-F, (u), (38)
P

where = (v, p), v is the shift parameter and pis

the scale parameter. It is assumed that these
parameters are unknown. In Type II censoring,
which is of primary interest here, the number of
survivors is fixed and U, is a random variable. In
this case, the likelihood function is given by

Lw.p) =] £ )

Lol S0 | o]
el
ool {S o)

><lexp[——n(u1 — U)j
P P

:—’1171 exp(_s_"JXlexp( n(sl U)]’ (39)
P p) P P

where

S=[S1 ~U, 8, =Y, —Ul)j (40)

J=1

is the complete sufficient statistic for . The
probability density function of S=(S, S,) is given by

Jo(515,)

1 ( an 1 ( n(s,—u)]
——exXp| =[x —exp| —————
P P) P P

U)jols1

[ n(s, —
P

n(s, — U)j

n-2 0
exp[—jds xlj "
P ny

1 s
SZ”!/O

ol ol

where
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fw(sl):iexp(—wj, s 2u,  (42)
P

V= (44)

is the pivotal quantity, the probability density
function of which is given by

fiv)= nexp(—nv1 ) , =0, (45)
y, =2 (46)
P

is the pivotal quantity, the probability density
function of which is given by

f(v,)= F(nl— 5 viexp(-v,), v,20. (47)

3.1 Pivot-Based Elimination of Unknown
(Nuisance) Parameters from the Two-
Parameter Exponential Distribution

Let us suppose that U is a future observation from

the same distribution (38), independent of U = (U; <

< U,). Then a statistical estimate of (38) can be
determined as follows.

Step 1. Invariant embedding of S; in (38) to
isolate the unknown parameter v from the problem

through V1 (44),

Fw(u)=1—exp(—u_uj
Yo,

z—s1+s1—5j
9

:l—exp(—

=l—exp[—u 5 jexp(—vl), u>s, (48)
P

Step 2. Averaging (48) over the probability
distribution of the pivotal quantity V) to eliminate
unknown parameter v from the problem. It follows
from (48) and (46) that the pivot-based estimate of
the cumulative distribution function (38) (obtained
through the pivot-based method) is given by

F, @)= [F,@f,0;)d

_ Hl_exp(_” ;Sl Jexp(—vl )} nexp(-nv,)dv,
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=1- exp(—u;slj In exp(-v[n+1))dv,
P

0

=1—exp(—u_slji, ue(s,»). (49)

p Jn+l
Since
dr, ,(u)  n 1 u-—s,
‘ = —exp| — (50)
du n+lp P
and

Sl}(Sl)

it follows from (51) that the probability density
function (pdf) of U is given by

ﬁ..p(u>=iexp[—”‘s'} u>s,  (52)
P P

with the cumulative distribution function

Fsl,p(u)zl—exp(—u} (53)
P

Step 3. Invariant embedding of S, in (53) to
isolate the unknown parameter v from the problem
through V,, (46),

u-—s
F,,w)=1- exp( 1)
Yol

=1—exp(—u_s1 S—”)
S, P

=1—exp(—u_s1 v"} u>s,. (54)
s

n

Step 4. Averaging (54) over the probability
distribution of the pivotal quantity ¥, to eliminate
unknown parameter p from the problem. It follows
from (54) and (47) that the pivot-based estimate of
the cumulative distribution function (38) (obtained
through the pivot-based method) is given by

I K P(u)f;z dV - '([[1 _exp(_u S_HSI Va J:|
! vi 2 exp(-v, )dv
r(n _1) n n
e
=1—[1+“ Sl] = F.(u). (55)
Sﬂ
where
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(56)

N

n

—(n-1)
Fs(u):l—Fs(u)z(H “_Slj .

The pivot-based estimate of the probability density
function (37) is given by

dFs(”)zn_l[H“_Sl] , uxs,. (57)
du s s,

n

J(u)=

It follows from (55) that the cumulative distribution
function of the ancillary statistic

_U_Sl
S

n

X (58)

is given by

o

(1+ x)n_1 '

The probability density function of the ancillary

statistic (58) is given by

dF(x)  n-1
dx 1+ x)"

F(x)=1- (59)

fx)=

, x20.  (60)

3.2 Constructing Shortest Length or Equal
Tails Confidence Intervals for Future
Observations from the Two-Parameter
Exponential Distribution under
Parametric Uncertainty

Using (58) and (59), it can be obtained a 100(1-)%
confidence interval for U from

Pr(xl SXsz):Pr(x1 < v

=Pr(xS, +S,<U<x,S, +S)=1-a. (61)
by suitably choosing the decision variables x, and
x,. Hence, the statistical confidence interval for U
is given by

[xlsn +5,X,8, +s1]. (62)
The length of the statistical confidence interval for
U is given by

L(x,,x,|s,) =(x2sn —xlsn)z(x2 —xl)sn. (63)

In order to find the shortest length confidence
interval L(x,,x, |s,), we should find a pair of

decision variables x,and x,such that L(x,,x,|s,) is

minimum.
It follows from (60) and (63) that

Tf(x)dx = ]% f(x)dx - frf(x)dx
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=F(x,)-F(x)=(1-a+p)-p=1l-a, (64)
where p (0< p <a) is a decision variable,
Tf(x)dsz(xz)z(l—a+p) (65)
and 0
If (X)dx =F(x,) = p. (66)

Then x,represents the (1 -—a+ p) - quantile, which

1 V(n-1)
Xy =gy = [H] -1, (67)

is given by

x, represents the p - quantile, which is given by

( l jl/(n—l) 1
X :qp = — —1.
I-p

The shortest length confidence interval for U can
be found as follows:
Minimize

L(x,%,s,) = [(xz _xl)sn ]2 = |:(q1—a+p _qp)sn]

1/(n-1) 1/(n-17?
1 1
_ ( j [_] 2. (69)
a-p 1-p

subject to

(68)

2

0<p<a, (70)

The optimal numerical solution minimizing L(x),

x> | $») can be obtained using the standard computer

software “Solver” of Excel 2016. If, for example, n

=4, a=0.05, then the optimal numerical solution is
given by

p=0 (71)

with the 100(1-&)% shortest-length confidence

interval

L(x,,x,|s,)=1.1s,. (72)

The 100(1-&)% equal tails confidence interval is
given by

L(x,x,|s;p=al2)=1.5s, (73)

with

p=0.025. (74)

Relative efficiency. The relative efficiency of
L(x,,x,|s,; p=a/2)as compared with L(x1,x2| )
is given by

releff., { L(x,,x, |s,; p=a/2),L(x,x,|s,) }
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L(x,,x,|s,)

1.1s
= = = =0.7.
L(x,x,|s;p=al2)

1.5s,

(75)

4 Generalized Pivotal Quantities to
Construct  Statistical  Predictive
Limits for Order Statistics in the
New Sample

Theorem 4. Suppose we are interested in a new

random sample of m ordered observations

UiL...<U, from a known distribution with a

probability density function (pdf) f, (#), cumulative

distribution function (cdf) F, (u),

parameter (in general, vector). Then for constructing

one-sided predictive limits (for the rth order statistic

U, re{l, 2, ..., m}) with confidence level 1-«

can be used the following generalized pivotal
quantities.

Generalized Pivotal Quantity GPQ1:

where o 1is the

GPO1=F (u,)
Zr—l (1 _ Z)(m—r+1)—1
=i~ @)= B(r,m —-r+1) ’
0<z<l, (76)
where [ (z) is the probability density function

(pdf) of the beta distribution (Beta(r,m-r+1))

with the shape parameters » and m-r+1,
Proof. It follows from (76) that

d GPQI1 d
[ frnra @)z == P, (U, <u, |m) (77)

dur 0 r
with
GPQI1
[ frmra@dz=P,U, <u |m),  (18)
0
where
P U, <u |m)
Z[ j F,@)Y 1=F,@)"”.  (19)
=
This ends the proof.
Generalized Pivotal Quantity GPQ?2:
GPO2=1-F, (u,)
Z(n1—r+l)—l (1 _ Z)r—l
=2, ()= B(m-r+Lr)
0<z<l, (80)
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where /'

(pdf) of the beta distribution (Beta(m—r+1,r))
with shape parameters m — r+1 and r.
ProoSLIb§ed;lpws from (80) that

[ (D= =P (U, Su, m) (D)

_(2) s the probability density function

du

r GPQ2
with
1
[ fori,@dz=P,U, <u,|m).  (82)
GPO2
This ends the proof.

Generalized Pivotal Quantity GPQ3:
m—-r+1 F, (u,)
r 1-F (u,)

r—l1
r r 2
m—r+1 [m—r-l—l }
B(r,m—r+1 mel
( )[1 r Z}

+
m—r+1
(83)

GPQ3 =

=z~ qor,mfrﬂ (Z) =

z € (0,00),

where @, .. (z) is the probability density function
(pdf) of the F distribution (F(r,m—r+1))with
parameters » and m—r+1, which are positive integers

known as the degrees of freedom for the numerator
and the degrees of freedom for the denominator.

Proof. It follows from (83) that

d GPQ3 d
i ! Dy rs1 (2)dz = d_u,P“’ (U, <u,|m) (84)
with
GPQ3
[ 0pra(@dz=P,U, <u |m).  (85)
0
This ends the proof.

Generalized Pivotal Quantity GPQ4:
r1-F,m,)

GPQ4 =
m—-r+1 F (u,)
m—r+1 [m—r+1z}
7 r
=Z~ ) . Z)= .
(pmfrﬂ,r( ) B(m—r+1,r)|: m—r+1 :|m+1
1+ z
r

z €(0,00), (86)
where ¢, .., .(z) is the probability density

function (pdf) of the F distribution (F(m—r+1r)
with parameters m —r +1 and r, which are positive
integers known as the degrees of freedom for the
numerator and the degrees of freedom for the
denominator.
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Proof. It follows from (86) that

d 7 d
E J. ¢m—r+1,r (Z)dZ :EBU (U,, < u, |m)

r GPQ4 fa

with

(87)

[ @0, (Ddz=P,U, <u,|m).
GPQ4

This ends the proof.

(88)

5 Generalized Pivotal Quantities to
Construct  Statistical Predictive
Limits for Order Statistics in the

Same Sample
Theorem 5. Suppose we observe some random
sample of m ordered observations Ui<...<U,, from a
known distribution with a probability density
function (pdf) f,, (u), cumulative distribution

function (cdf) F,(u), where @ is the parameter (in

general, vector). The order statistic U, is known.
Then, for constructing one-sided predictive limits
(for the kth order statistic Uy, ke {r+1, ..., m}) with
confidence level 1-«, the following generalized

pivotal quantities can be used.

Generalized Pivotal Quantity GPQ5:

GPQ5=1—M
Eu(uk)
Zr—k—l (1 _ Z)(m—r+l)—l
=z~ . it zZ)= )
Protimrin(2) B(r—k,m—r+1)
0<z<l, (89)

where g, , ,_,.,(z)1s the probability density function
of the beta distribution (Beta(r —k,m—r+1)) with
shape parameters »—k and m—r+1.

Proof. It follows from (89) that

GPQ5

d_ur _([ wr—k,m—rﬂ(z)dz
d
=—P,U, <u, |U, =u,;m) (90)
du,
with
GPQ5

I gor—k,m—rﬂ (Z)dZ =})m(Ur Sur |Uk :uk;m)5 (91)

0

where
P,(U, <u, |U, =u,;;m)
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-3

This ends the proof.
Generalized Pivotal Quantity GPQG6:

_ @(u»} P(ﬂ o)
F,(u) | | F,(z)

GPo6 = Lo )
Eu (uk)
(m=r+1)-1 r—k-1
z -z
=z~ ¢m7r+l,r7k (Z) = ( )

B(m—r+1,r—k)’

0<z<l. (93)

where g, ..., (2)is the probability density function

(pdf) of the beta distribution (Beta(m —r +1,r —k))

with shape parameters m—r+1 and r—+.
Proof. It follows from (93) that

P
_ J. ¢mfr+l,r7k(z)dz
du, GPQ6
—L P, <u, 1U, =usm) (94)
du

with
1
I ¢m7r+l,r7k (Z)dZ’ = Pa) (Ur < ur | Uk = uk’m) (95)

GPQ6
This ends the proof.
Generalized Pivotal Quantity GPQ7:

m—r+1 1_1’7[”(%) F (u,)
r—k Fw(uk) Fw(uk)
=z~ ¢)r—k,m—r+l(z)

|: ,e k :|rk1
z
m—r+1
r—k j|m—k+l 4
z

m—r+1
(96)

GPQ7 =

r—k
_ m—r+1
B(r—k,m—r+1) [1

z€(0,0),

whereg, . _,.,(2)1s the probability density function
(pdf) of the F distribution (F(r—k,m—r+1)) with
parameters r—k and m—r+1, which are positive
integers known as the degrees of freedom for the
numerator and the degrees of freedom for the

denominator.
Proof. It follows from (96) that

d GPQ7
% I q)r—k,m—rﬂ (Z)dZ
r 0
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:iPa}(Ur Sur |Uk :uk;m)
du

r

7

with
GPQ7
[ 0 rn()dz=P,(U, <u, |U, =u,;m).(98)

0

This ends the proof.
Generalized Pivotal Quantity GPQ8:
Gpos ==k _F.() /I, F,()
m—r+1F,(u) F,(u;)
=z~ ¢m—r+l,r—k (Z)
m—r+1
m—r+1 m—r+1 5
r—k { r—k }
m—r+1

:B(m—r+l,r—k){ T"k”’
1+ z
r—k

z€(0,0), (99)
Ppriir(2) 18 the probability density
function (pdf) of the F distribution (F(m—r+1r—k))
with parameters m-r+1 and r-k, which are
positive integers known as the degrees of freedom
for the numerator and the degrees of freedom for the

denominator,
Proof. It follows from (99) that

where

d o0
- _[ gam—rﬂ,r—k (Z)dZ
du, Gpos
~ 4 p W <u U, =u;m) (100)
du

with
I (Dm—rJrl,r—k (Z)dZ = })a)(Ur S ur | Uk = uk;m)‘ (101)
GPQ8

This ends the proof.

6 Illustrative Example
For the sake of simplicity but without loss of
generality, consider the problem of optimal
allocation of seats between two dependent (i.e.,
nested) fare classes. The performance index which
can be used to determine the optimal allocation of
seats between two dependent (i.e., nested) fare
classes, subject to the total airplane seat capacity
constraint, is given as follows.

Maximize the total expected revenue for a
single-leg flight with two nested fare classes
(business and economy),

Q(npnz) = Qz (nz)
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+E,{Q,(n, + n, —min(n,,Z,))}, (102)
where
Qz (nz) = E2 {Cz min(nz,Zz)}
=c, (nz —J.Fz(zz)dzz} (103)
0

E,{Q (n, +n, —min(n,, Z,))}

zcl_[[nl +n,—z,— _[ E(Zl)dzl}[z(zz)dzz

0 0

©

+ clj{”l _]]-Fi(%)dzl]fz(zz)dzz- (104)

ny
subject to

m+n,=N, n 20 forj=1,2, (105)

where ¢; and ¢, are the high and low fare levels
respectively (ci>c¢), n; denotes the booking limit for
the jth fare class, Z; denotes the customer demand
for the jth fare class, f;(z,)is the probability density

function of Z; , N is the total capacity of the cabin to

be shared among the two fare classes. A simple

application of the Lagrange multipliers technique

leads to the optimal solution satisfying
n=arg[c,=¢,Pr(Z >n)]= arg[c—2 =F(n )}

c

1

2
= argmin{Fl(n,)— 9% } ,
" ¢

n, =min(0, N —n,), (106)
where n; denotes the optimal protection level for the
high fare class, and n, denotes the optimal booking
limit for the low fare class. Thus, (106) suggests
closing down the low fare class when the certain
revenue from selling low fare seats is exceeded by
the expected revenue of selling the same seat at the
higher fare. It should be remarked that there is no
protection level for the low fare (or economy) class;
ny is the booking limit, or the number of seats
available, for the low fare class; the low fare class is
open as long as the number of bookings in this class
remains less than this limit. Thus, (n+n2) is the
booking limit or number of seats available for the
high fare class at the time. The high fare class is
open as long as the number of bookings in this and
low classes remains less than this limit.
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6.1 Model of Optimal Statistical Estimation
of Airline Seat Protection Levels for
Nested Fare Classes under Parametric
Uncertainty

The model is given as follows:
Step 1. It follows from (56) that

—(n-1)
E(nl)=i<nl>=1—f;(nl>=[l+”"SlJ .(107)

n

Step 2. It follows from (106) and (107) that
~(n=1)
1+ u
SII

(108)

nlzarg{c—zzﬁl(nl) —arg| 2 =
G G

1/n
=5, +s, [i) -1/
)
Step 3.

n, = minl:O,N—(s1 +s, [(cl/c2 )”n —1})}. (109)

The proposed policies of the dynamic adaptive
airline seat inventory control are based on the use of
order statistics of cumulative customer demand,
which have such properties as bivariate dependence
and conditional predictability. Dynamic adaptation
of the airline seat reservation system to airline
customer demand is carried out via the bivariate
dependence of order statistics of cumulative
customer demand. Dynamic anticipatory adaptive
optimization of the airline seat allocation includes
dynamic anticipatory adaptive nested optimization
of protection levels over time T. It is carried out via
the conditional predictability of order statistics. The
airline seat reservation system makes online
decisions as to whether to accept or reject any
customer request using established decision rules
based on order statistics of the current cumulative
customer demand. The computer simulation results
are promising.

6.2 Model of Dynamic Adaptive Control of
Airline Seat Protection Levels for Nested
Fare  Classes under  Parametric
Uncertainty

For example, consider a single-leg flight with two

fare classes (business and economy) for a single

departure date with predefined reading dates at
which the dynamic policy is to be updated, i.e., the

booking period before departure is divided into 4

reading periods: (n=0, =], (a, =], ..., (%1, =]

determined by the % reading dates: 71, o, ..., o.

These reading dates are indexed in increasing order:
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0<n<np< - <, where (5.1, 7] denotes the reading
period immediately preceding a departure, and 7, is
at departure. Typically, the reading periods that are
closer to departure cover much shorter periods of
time than those further from departure. For example,
the reading period immediately preceding departure
may cover 1 day whereas the reading period (1
month) from departure may cover 1 week.

Let us suppose that the cumulative customer
demand for the high (business) fare class at the kth
reading date (time 7, 1<k<h) is Uj representing the
kth order statistic from the underlying distribution
with the probability density function f, (x) and

cumulative distribution function F, (u), where @ is

a parameter (in general, vector). This parameter is
assumed to be unknown, but there is a sample of
order statistics U; < ... < Uy, (statistical estimates of
cumulative customer demands for the high
(business) fare class of past flights).

Also, suppose that the cumulative customer
demands for the high and low fare classes are
stochastically independent. Each booking of a seat
of the high fare class in the reading period (71, %]
generates revenue of c¢;. Each booking of a seat of
the low fare class in the reading period (71, %]
generates revenue of ¢,, where ¢ > ¢, for all ke {1,
.., h). Then the model of optimal statistical
estimation of airline seat protection levels for nested
fare classes under parametric uncertainty includes
the following steps:

Step 1. Let’s assume that Uy , Vke{l, ..., A},

represents the kth order statistic from the two-
parameter exponential distribution (38), where the
parameter @ is unknown. It follows from (91) that

GPOS

_[ Prprn(2)dz

0

=P(U, <u,|U, =u:h)=a,  (110)
where
GPO5S=1- M =, 4 r-ri1e (@-quantile), (111)
Fa)(u/c) ’

”_UJ. (112)
ye)

It follows from (111) and (112) that

wo=u +pl| —— | 13
1- ('Ir—k,h—r+1;a

Step 2. Assuming =, p=pi and a=oy, it follows
from (113) that

F, () =6Xp[—
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;} (114)

- qh—k,l;ak

u, =u, +p, ln[

Step 3. For each k=1, ..., -1 we define p; and oy

such that
1
u,=u, +p, In| ——
(1 TGk e j

1/n
=n, :arg{Z—Z:F](nl)}:sl +s, [[2—1) —1] (115)
1 2

It should be noted that equation (115) is used to
determine the exact fragment estimate

1
p,In| ———— |,
[1 - qh—k,l;aA J

Vkell, ..,h-1j, (116)

based on accurate statistical information obtained
from the process of selling and reserving air tickets
for the high (business) fare class and past single-leg
flights.

Step 4. For a new flight with new cumulative
customer demand values of U, for each k=1, ...,

h-1, the exact fragment estimate (116) can be used
for dynamic adaptive control of airline seat
protection level for the high (business) fare class
under parametric uncertainty of customer demand
models during the process of selling and reserving
air tickets for a new future flight as follows:

1
1- qh—k,l;ak ’

Vkell, .. h-1},

N =U""+ p, ln(

(117)

where N;“"is the dynamic adaptive airline seat

protection level for the high (business) fare class
under parametric uncertainty of customer demand
models during the process of selling and reserving
air tickets for a new future flight.

7 Conclusion

New rigorous formulations of the problems of
statistical optimization and dynamic adaptive
control of airline seat protection levels for several
nested fare classes under parametric uncertainty of
consumer demand models are presented. Several
results useful for practical application have been
obtained. Illustrative examples are given.
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The new intelligent analytical technique
proposed in this paper represents the conceptually
simple, efficient, and useful method for constructing
optimal airline seat protection levels for multiple
nested fare classes of single-leg flights with any
practical number / (>2) of nested fare classes. The
technique yields the optimal allocation of airline
seats between / dependent (i.e., nested) fare classes,
subject to N (the total airplane seat capacity), that
takes into account not only the past observations but
also the future observation program and the
associated statistics. The optimum procedure is to
consider the situation as a dual optimization of
allocation problem where information and action are
interrelated.

The technique used in this article is based on a
probability transformation and pivotal quantity
averaging, [3], [4], [5], [6], [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16], [17]. It is conceptually
simple and easy to use.

The methodology presented in this article can be
useful for solving problems of the optimal allocation
of resources in physics and engineering.
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