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ABSTRACT

In this paper, it investigate the bit error rate (BER) performance
of transmit beamforming using singular value decomposition
(SvD) for closed loop multiple-input multiple-output (MIMO)
wireless systems with various modulation techniques such as
binary phase shift keying (BPSK), quadrature phase-shift keying
(QPSK) and 16- quadrature amplitude modulation (16-QAM)
along with convolution encoder and viterbi decoder.
Beamforming separates the MIMO channel into parallel
subchannels. The beamforming vectors used at the transmitter and
the receiver can be obtained by the singular value decomposition
(SVD) of the MIMO channel. Signals are transmitting in the
direction of the eigenvector corresponding to the largest eigen
value of the channel. The transmit beamforming is performed by
multiplying the input symbols with beamforming vector (i.e)
unitary matrix and the precoded symbols are transmitted over
rayleigh fading channel. At the recelving end the transmitted
signals are obtained by performing the receiver shaping by
multiplying the received signal with conjugate transpose of the
unitary matrix. Furthermore, derive an expression for a capacity
of MIMO system and derive expressions for average BER for
BPSK and average symbol error rate (SER) for M-QAM.
Simulation results displays the diversity performance of the single
beamforming when the three modulations are used separately and
it shows the proposed SV D-based beamforming with convolution
encoder yield the better performance when compare to the other
beamforming method.
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1. INTRODUCTION

Multiple-Input Multiple-Output (MIMO) systems have recently
developed as one of the most important technical breakthroughs
for next generation communication systems. The use of multiple
antennas a both transmitter and recelver in wireless
communication links has been shown to be capable of achieving
extraordinary bit rates without incurring any penalty in power or
bandwidth [1] [2].The capacity analysis of MIMO systems has
shown significant gains over single-input single-output (SISO)
systems [2]. Depending on the channel condition, the first
generation MIMO technique aims at achieving a higher data rate,
such as spatia multiplexing [3], or a higher diversity, such as
space-time coding [4]. These techniques do not require the
knowledge of channel state information (CSl) at the transmitter.
In [5] and [6], it is suggested that an additional performance gain
can be extracted from multiple antennas in the presence of
channel state information at the transmitter. When perfect CSl is
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available at both ends, beamforming is used to maximize the SNR
a the receiver. Beamforming separates the MIMO channel into
paralel independent subchannels. When the subchannel with the
largest gain is used for transmission, the techniqueis called single
beamforming [7]. MIMO systems can also be used to enhance the
throughput of wireless systems [8]. In the context of feedback
systems, more than one subchannel can be used to improve the
capacity. This technique is called multiple beamforming. Most
work on closed-loop MIMO systems has been carried out by
performing SVD of the channel transfer matrix. Among linear
precoders, the SV D-based beamforming technique combined with
a proper power alocation method is shown to be optimum in
terms of capacity [9].

In this paper, At the transmitter we propose a transmit precoding
approach by multiplying the matrix V to perform transmit
beamforming and the precoded symbols are transmitted over the
Rayleigh fading channel by M, transmitting antenna, at the
receiver faded version of the transmitted symbols which are
received by M, receiving antenna and the MRC is used as a
combiner and the receiver shaping is performed by multiplying
the channel output with matrix U". Here we use the BPSK, QPSK
and 16-QAM for modulating the transmit signals and convolution
encoder and viterbi decoder are used to archive the reliable data
transfer, and we derive the expression for a capacity of MIMO
system when SVD is used for channel decomposition. The
organization of the paper is as follows: Section Il presents a
genera description of SVD-based transmit beamforming system
model. In Section |1, derive expressions for average hit error rate
(BER) for BPSK and average symbol error rate (SER) for M-
QAM. In Section Ill, we drive the expression for capacity of
MIMO. Section V shows the simulation results and compares the
results of various modulations. Finally, the paper is terminated
with conclusionsin Section V.

2. SYSTEM M ODEL

In this section, we present a general description of transmitter and
receiver sections of SVD-based transmit beamforming. We
consider the MIMO system models with M, transmit antennas and
M, receive antennas, as shown in Fig. 1.

Transmission is over a rayleigh fading channel and both the
transmitter and receiver are assumed to have perfect knowledge of
the channel. The system consists of a beamforming processing at
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Figure 1. Schematic diagram of a transmit beamfor ming and
receive combining schemewith M, transmit and M, receive
antennas.

the transmitter and combining processing at the receiver. At the
transmitter, the information bits s= {s;, s, ...... sk } are encoded
with convolution encoder and, the encoded symbols are
modulated by either BPSK or QPSK or 16-QAM modulator
which is used as symbol mapper, to yield the symbol vector of

X = {71 Xy eovveenns X, } where k is the number of transmitted
symbols.

This data symbol X is applied to the transmit precoding and
multiplied by matrix V to perform transmit beamforming, and the
precoded symbols x= {X;, X5 ... ... X are transmitted over rayleigh
fading channel. We assume that the elements of the MIMO
channel matrix are obtained from an independent and identical
distribution (i.i.d) complex Gaussian distribution with zero mean
and unit variance. If xisthe 1x; vector containing the symbols
to be transmitted, H is the channel matrix of size M, xM, and na
vector of additive white gaussian noise (AWGN) on the receiving
antenna of sizelxM,, the vector of received symbol can be
expressed as

y=H x+n, 1)

At the receiver, the transmitted symbol y= {yi, ¥» ... n} ae
received with addition of channel noise n and the combining
process to be performed for recelving symbols with MRC,
receiver shaping is performed at the receiver by multiplying the
channel output y with to produce y - {y_l Yy e W} and
finally, the decoding and demapping operation is performed to
produce the output.

2.1 SVD-based beamfor ming overview
Beamforming is implemented by multiplying the symbols with
appropriate beamforming vectors, both on transmitter and the
receiver. In this paper we assume CSl is available at both the ends
in such a case, the beamforming vectors are obtained via SVD of
the channels then the SV D of channel can be written as

H=UzxzVv" @)
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where U and V are the two unitary matrices of size M, xM; and M,
xM, respectively, and ()" denotes the conjugate transpose and Y
is the M, xM, diagona matrix with non-negative real numbers on
the diagonal, Y =diag (21, A Awr) Where 1; >...... > Jue >0are
the singular values and by using SVD, the MIMO channel is
divided into independent and parallel sub channels.

A. Proposed SVD-based Sngle Beamforming

Only one symbol is transmitted over the subchannel with the
largest gain. The channel matrix H may be decomposed into a
number of independent- orthogonal modes of excitation, which
we will refer to as an eigenmodes of the channel.

The transmitter multiplies x with V before sending into the
antennas and receiver multiplies the signals received on each
antenna by the matrix U, Fig. 2, present the transmitter precoding
and the receiver shaping transform the MIMO channel into Ry
(rank of H) parallel SISO channdl with input X and output y ,

since the overall transmission relationship

y=U"(H x+n) (€)
=U" WU V" x+n) 4
=U"U ZVV" x+U"n Q)
y=%Xx+n (6)

whereFl =U" n,isthe multiplication by a unitary matrix does

not change the distribution of the noise (i.e) n and n they are
identically distributed. The optimal vectors to be used at the
transmitter side and receiver side are the first column of U and V
corresponding to the largest singular value of H. Then, the
received signa can be represented by

y=xU/ HV,+U/ n (7
y:/11§+ﬁ ®)

where 1, is the largest singular value of H. If the noise process is
band limited with bandwidth B, the noise power of n is given

by B N, =2 gnz . The equaized signal y outlines that each

transmitted symbol is weighted by its singular value which is
shown from (9)

Yi = Ay Xi + 0. ©)

Modulated - =
odulate _/'_’: r=Vx ﬁy:}fﬁ‘hﬂﬁ y:UHyE
Symbols x ;

Figure 2. Schematic diagram of a transmit precoding and
receive shaping scheme
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where, i=1, 2... ... M, from (9) it is feasible to calculate each SISO
SNR value shown by (10)

xi|2

NR = 22 | (10)

! 1\2 2"
Oy

Since for a reliable communication the singular values must be
greater than zero, therefore the singular values are also treated as
MIMO processing gain, if the power of all symbolsis normalized,
so that the overall average power is given by

|2 =1. (11)

B. SvD-based multiple Beamforming

Multiple symbols are simultaneously sent over different parallel
subchannel. The optimal vectors to be used as weights at the
transmitter side and receiver side are the first S columns of U and
V corresponding to the first S larger singular values of H, when
the s subchannel for multiple beamforming becomes

yk:iﬂ’i X +n;. (12)

Js
Multiple beamforming achieves the diversity order of (M, -St+1)
(M, St+1),for arbitrary M;, M, S where S is the number of
subchannel.

3. MIMO SYSTEM CAPACITY
The capacity of MIMO channel is defined as[10]

C=max| (xy)
0 (13)

Where f(s) is the probability distribution of the vector sand I(x, y)
isthe mutual information between vector Xand Y . Therefore,

I(x,y)is

l(XM=Iogzde{lM,+ME,§| HRXXHH]bps/Hz (14)

t 0

where E, is the power across the transmitter irrespective of the
number of transmit antennas M, and I, isan M; x M, identity
matrix, Np is a noise power and R, is a covariance matrix of
transmitted signal vector x and from (13) and (14) capacity of
MIMO channel is given by

C=  max logdetl, + 2 HR_H" bps/Hz (15
Tr | R J= M, ' MINO

C is dso called as error-free spectral efficiency or date rate per
unit bandwidth that can be sustained reliably over the MIMO link.
If the channel is unknown to the transmitter then the vector x is
statistically independent (i.€. Ry ). Thisimplies that the signals
are independent and the power is equally divided among the
transmit antenna. The capacity in such acaseis
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C:Iogzdet[lM' +N'OHHHJ (16)

t

where p=E,/N;, is the average SNR at each receiver branch for
further analysis of the MIMO channel capacity given in (16) is
possible by diagonalizing the product matrix HH" either by
eigenvalue decomposition or singular value decomposition. Now
HH" isaM, x M, positive semidefinite Harmitian matrix. The
eigendecomposition of such amatrix is given by Q » Q " where Q
is M, x M, matrix is satisfying Q"Q=QQ" = Iy, and ~=diag (/1.
Aa.... Ayr) With 4; >0. We assume that the Eigen values are ordered
so that Ai > Ai+1 Then

2 g
ﬂ,l :{ .O'i -,|f | —1,2 ..... r (17)
Oifi=r,r+2..M,

where o; the singular values are obtained as Y =diag (o1, 05... oy)
from the SVD of H=U YJ*. Then the capacity of the MIMO
channel is given by

E
Czlogzde{er+M;\l Q/\QHJ (18)

t' Y0

Since, Q"Q= I, (18) smplifiesto

M,N

t'vo

C=Iogzdet[er+ E, ii) (19)

where r is the rank of the channel and 4;(i=1,2...r) are positive
Eigen values of HH" (20) Express the capacity of the MIMO
channel as a sum of capacities of r SISO channel, each having a
power gain of 4 and the transmit power of EgjM:. When the
channel is known at the transmitter, the maximum capacities of a
MIMO channel can be achieved by using the water-filling
principle [10] on the transmit covariance matrix. The capacity of
MIMO channel isthe sum of the individual paralel SISO channel
capacities as given by

r E 7,
c=Ylog,|1+ =1 5 (20)
> gz( N J

i=1 t'No
where y, =e ﬂs‘z}(i =12.....r)is the transmit energy in the

i™ subchannel such that Zrl% _ w1, - Clearly, with a reduced
i=1
number of non-zero singular values in (19) and (20), the capacity
of the MIMO channel will be reduced because of the rank
deficient channel matrix. This is the situation when the signals
arriving at the receivers are correlated. Even though a high
channel rank is necessary to obtain high spectral efficiency on a
MIMO channel, low correlation is not a guarantee of high

capacity.

4. PERFORMANCE ANALYSIS
4.1 Derivation of the average BER for the BPSK over
the Rayleigh fading channel

The average BER for the BPSK system in the presence of

Rayleigh fading is considered in this section for fading channel,
the conditional BER for BPSK isgivenin[11].
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R() =;erfc[ o J (2

However in the presence of channel h, the effective bit energy to

noise ratio is|h|2Eb/No . So that bit error probability for a
givenvalueof his

Pb/h(y):%erfc( \/; ) (22)

where 7 = |h|2 E, /N o is the instantaneous SNR per bit of the

received signal erfc(.) is the complementary error function. In
addition, the probability density function (PDF) of y for rayleigh
fading channel is given by [11].

y20. @3)

where; = Eb/N 0 the average BER can then be obtained
using (21) and (22)

R-] 3 e (7)) @
L Yot el )
= ;/erfc(\ﬁ/)e +y 7+lerfn[\/:rl}f ,
(29)
(26)
@7

4.2 Derivation of the average SER for the M-QAM over

the Rayleigh fading channel

Let us consider square M-QAM signals whose constellation size
is given by M=2 ¥with k even. The probability of symbol error for
M-QAM asin [12].

M -

3E, -1y, ([ 3E,
Q [\[NO(M—1)_4[ ™M ]Q [ NO(M—:I.)]]'

where 1% -x?
X)=—|ex
Q( ) 71"([ p(ZSinzﬂ
The conditional SER for M-QAM with L-branch MRC receiver is
given by (28) as

] do is the Gaussian Q-function.
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R (B}, )= (ﬂlm)(? ey 29)
-4 ( —fMJZQZ 20 7).

_ th L .
where ¥, = average SNR of | ™ branch and v, = Z y. s the
=1

total conditional SNR per symbol a the output the MRC
and Jom = 3/2[(|\/| _1)],byaveraging (28) over the Rayleigh

pdf and using a standard integral involving the function Q?(.), we
obtain the performance of M-QAM over L i.i.d rayleigh fading
channel as

o324

- ( _\/%j [:1"_% ( R)_RE)J. (30)

1=0 4i1+gQAM ;)ll @3

L1 T, a4 2 (1-i)+1
« —— |cos (tan™ x, :
2.2 W[ o) (32)
_ [9owr_ 33)
l+gQAM7

i

[2(:‘)]4' @ (-1)+1)

TM =

5 SIMULATIONRESULTS

In this section, we present the smulation results to demonstrate
the BER of SVD-based single beamforming over the rayleigh
fading channel. Here, we use three types of modulation
techniques, one is BPSK and others are QPSK and 16-QAM. In
that we compare the diversity performance of both modulations
for single beamforming, with number of transmit and receive
antennas. Fig. 3, we present the diversity performance of the
SVD-based single beamforming with respect to E, /Ny in dB with
M; =M, =2, 3, 4 and BPSK. Thisfigure shows that the BER of the
SVD-based single beamforming is reduced with the increasing
number of transmit and receive antennas. Fig. 4, displays the
diversity performance of the SV D-based single beamforming with
respect to E, /Ny in dB with My =M, =2, 3, 4 and QPSK. Fig. 5,
displays the diversity performance of the SVD-based single
beamforming with respect to E, /Ny in dB with M; =M, =2, 3, 4
and 16-QAM. Both Fig.4 and 5, displays the same result as Fig.3.
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Fig.6, shows BER comparison for 2x2 single beamforming system
with BPSK, QPSK and 16-QAM. This figure shows that the
QPSK exhibit higher error rate than both BPSK and 16-QAM and,
16-QAM exhibit higher error rate than BPSK, however 16-QAM

deliver higher raw data-rate than BPSK and QPSK. Fig.7 and 8,

shows diversity performance comparison of the BPSK, QPSK and

16-QAM for SV D-based single beamforming with M, =M, =2, 3.
It shows that BER of the SVD-based single beamforming is

reduced with the increasing number of transmit and receive
antennas.

Diversity
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receiving antennas. Simulation results demonstrate that the
proposed SVD-based beamforming schemes yield the better
performance when compare to the other beamforming methods
[13] with little bit of system complexity, when the increased
number of transmit and receive antennas [13]. Also it shows that
the BER performance of SVD-based beamforming with
convolution encoding is reduced with the increased number of

transmit and receive antennas and, the 16-QAM exhibit higher

error rate than BPSK and QPSK; however 16-QAM deivers

higher raw datarate than BPSK and QPSK for various
combination of transmit and receive antennas. This work can be

extended by simulate the previous work with multiple
. T Erend beamforming (MBF) technique with SVD and aso by using the
o ot single using an ncoding . a . . . .
10 ‘ ; - ‘ ‘ ‘ generdized transmit maximum-ratio combining (G-TMRC)
; ; : ——2X2 Simullion | method for transmit beamforming to reducing complexity in
NN S s ] SV D-based beamforming.
AV SN ?
10’ \'\l :\‘n‘ \‘n\ ¥ Diversity performance of gingle beamforming using 18-QAM and Convoution Encoding
: {( e SN [
" ; \ \ NN : :{ —— 4 X4 Simulation
' i : : AN N O ‘
\ s \ \ i b N
o ‘ bt f AN
= SN
i YRR
L D L. ‘ i VAN
Pl IR VA
B -4 -2 0 2 4 B g 10
Eb/No]dE] 1* \ \\
B
HA 9 S :
. . . T ;
Figure 3. BER of SVD-based single beamforming for BPSK e 1
Wlth Mt :Mr :2’ 3’ 4. e I I \ \ \ \\ \ | I
1} 4 [ 10
Eb/MNo[dE]
Divarsity performance of single bearforming using QPSK and Comvoution Encoding
o T T T
""" : —2X2 S\mu\at!nn |
NN T S Figure5. BER of SVD-based single beamfor ming for 16-
§ 3\ ‘\ : 1 1 : QAMwith M, =M, =2, 3, 4.
obo MO
L -
o \\\ \ Diversity performance of single beamforming for 2 X 2
i ; 0’ . , r : . :
" VoA : : : : —+— 22 BPSK simulation ]
\\ \ y H : i —€— 22 OPSK simulation  []
- VL _'-"*-_"“ﬂ : —— 22 16-QAM Simulation [
; 1‘"\ \m :\‘\ : : \\ \
SR e R\
R i Y
I NI % JRRAN
4 2 il 2 [3 8 10 @ \ \ \
Eti/Mo[dB] \- \ q\
i’ [EEEn Ternt
Figure4. BER of SVD-based single beamfor ming for : L :
QPSK with M =M, =2, 3, 4. ; ; R S . ;
3 i AV g :
6. CONCLUSION S VL
In this paper, it presented a transmit-beamforming scheme for L R I
MIMO system based on SVD-based single beamforming with

BPSK, QPSK and 16-QAM modulations, and derived the
expression for capacity of MIMO system when SVD-based
beamforming is used for channel decomposition. It compares the
BER performance of BPSK, QPSK and 16-QAM for single
beamforming with different combination of transmitting and

Figure 6. BER comparison of the BPSK, QPSK and 16-QAM
for SVD-based single beamfor ming with My =M, =2.
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Figure 7. BER comparison of the BPSK, QPSK and 16-QAM
for SVD-based single beamfor ming with My =M, = 4.
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