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Shunts and Inductors for Surge-Current Measurements
By John H. Park

The special requirements that must be fulfilled by a shunt intended to be used in surge-

current, measurements are explained. A tubular shunt with coaxial potential leads that

meets these requirements is described, and factors affecting its design are discussed. A

theoretical derivation of the “skin effect’” in this type of shunt at high frequencies is given

in one of the appendices.

The advantages of using a mutual inductor for obtaining oscillograms of the rate of

change of current during a surge are outlined, and several types of mutual inductors developed

especially for this purpose are described. Theoretical derivations, given in the appendices,

indicate that the concentric-tube mutual inductors described in this paper can be used to

measure the high-frequency components of a current surge up to 70 megacyeles with less

than 10 percent error.

Several shunts and mutual inductors of the designs described in this paper were con-

structed for use in the high voltage laboratory at the National Bureau of Standards. Their

complete description and oscillograms showing results obtained with them are included.

I. Introduction

Surge-current generators are widely used in
high-voltage laboratories to simulate the heavy
current component of a lightning discharge. They
are regularly employed in testing protective de-
vices that are intended to withstand lightning dis-
charges and in determining the effects of heavy-
current discharges on various materials and ap-
paratus. In order to correlate the test results
obtained in various laboratories, it is necessary
to know the magnitude and wave-form of the surge
current used in each test.

A generally accepted method of measuring
heavy-current surges is to insert a shunt in the
discharge circuit and to apply the voltage drop
across this shunt, through a suitable cable, to the
deflecting plates of a cathode-ray-oscillograph
capable of recording the variation of this voltage
with time. The over-all accuracy of this method
is dependent upon the three components used in
the measurement: the cathode-ray-oscillograph,
the cable, and the shunt.

The development of the cathode-ray-oscillograph
to its present state of efficacy has involved years
of work of a large number of experimenters and
theorists. At the present time there are several
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types of oscillographs having recording speeds and
response accuracies suitable for surge measure-
ments.  In general they may be classified as (1)
the high-voltage cold-cathode type with the re-
cording film inside the vacuum chamber, (2) the
hot-cathode type with the film inside the vacuum
chamber, and (3) the hot-cathode sealed-tube type
using a fluorescent screen photographed by means
of an external camera. Results reported in the
present paper were obtained using an oscillograph
of the first type; however, with slicht modifica-
tions in design constants the apparatus to be
deseribed would be equally suitable for use with
other types of oscillographs.

In order to facilitate safety precautions and to
allow one cathode-ray-oscillograph (CRO) to be
used with any one of several surge generators, the
oscillograph is usually located at some distance
from the surge generator and its potential divider
and/or shunt and a cable (40 to 100 ft. long) is used
to connect them to the deflecting plates of the
oscillograph. The purpose of this cable is to
reproduce the voltage drop across the shunt, at
the deflecting plates of the oscillograph without
distortion, and it must not introduce other volt-
ages by induction from nearby currents. The use
of coaxial-type cables reduces inductive effects to
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a minimum, and when constructed with insulating
material of low diclectric loss, such as polyethyl-
ene, coaxial cables are capable of transmitting all
components of a surge up to at least 100 mega-
cycles/sec over the distances required without
significant attenuation. The terminations of the
cable, at the shunt and at the oscillograph, are
both important.

Various types of shunts have been used for
measuring heavy-current surges [1,2,3],' and long
before surge generators were in general use, the
design of alternating current shunts to insure low
residual inductance was given considerable at-
tention [4,5]. Thus, the design of the shunts now
in use at this laboratory for surge-current measure-
ments is based on experience with shunts used for
measuring large alternating currents as well as
on subsequent experience in the field of surge-
current measurement. The present paper will
discuss the design of surge-current shunts, deseribe
those constructed, and indicate the results ob-
tained with them.

This paper will also describe a new design of
mutual inductor for measuring rate of change of
current. Because it tends to magnify the high
frequency components in current waves it has
been useful in their measurement.

II. Factors To Be Considered in the Design
of a Shunt

1. Choice of the Best Type

In choosing the best type of design for a shunt
to be used In measuring surge currents the three
most important requirements are (1) the effective
impedance considered as a 4-terminal network
must be constant over as great a range in fre-
quency as possible;, (2) inductive effects of parts
of the current circuit, other than the shunt, upon
the potential-lead circuit of the shunt should be
a minimum, and (3) it must be possible to connect
the sheath of the cable from the shunt to the
CRO, to ground at or near the shunt without in-
troducing induced voltages in the shunt potential
circuit (this is desirable to minimize the flow of
ground currents in the sheath of the cable which
might cause induced voltage at the CRO plates).

In order to determine compliance with require-
ment number one, the configuration of the shunt

1 Figures in brackets indicate the literature references at the end of this
paper.
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should preferably be such that its inductance and
skin effect can be computed for as great a range
in frequency as possible; otherwise the comparison
of various types of shunts would require the actual
construction of a large number with subsequent
experimental comparisons. Two general types
lend themselves to computations: (a) the con-
centric tubular and (b) the flat strip. Illustra-
tions of these, giving the methods of attaching

potential leads, are shown in figure 1. Another
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Fiaure 1.—Three types of shunts whose inductance and skin
effect can be computed.

a, Concentric-tube shunt; o, flat-strip shunt; ¢, flat strip shunt with poten-
tial leads arranged to give minimum inductance.

type of shunt used by Bellaschi [1] in surge meas-
urements consists of several twisted ‘“hairpin”
loops of resistance wire connected in parallel at
the current terminals. This type of shunt has
been found suitable for most surge-current meas-
urements, but its inductance and skin effect can-
not be accurately computed from theoretical
formulas. An approximate theoretical computa-
tion by Brownlee [2] indicates that the twisted
loop shunt would probably have a somewhat
larger time constant than a flat strip shunt.
Theoretical formulas for computing the induc-
tance (assuming uniform distribution of current)
and skin effect (for a limited frequency range) of
the concentric tubular and flat strip shunts are
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readily available.?® As suggested by Silsbee * a
sirip shunt with potential leads attached as shown
in figure 1, ¢, could be designed so as to have zero
effective inductance by a suitable choice of values
of [, and .. However, this arrangement of po-
tential leads prevents the shunt from complying
with requirement (3) above, as will be explained
later, so it is not considered in the following com-
parison of coaxial tubular vs. flat-strip shunts.

To compare the constancy of effective imped-
ance as frequency changes, for the tubular and
flat-strip shunts, two typical designs of shunt were
“assumed and their inductance and skin effect
computed from the formulas referred to above.
A concentric tubular shunt (fig. 1, a) in which the
resistance material was a CuNi alloy (p=22.9x10~°
ohm e¢m) tube whose outside diameter was 0.25 in.
and wall thickness was 0.008 in. was chosen as one
example because such a tube was readily available
for use in constructing a shunt. For comparison
purposes a strip shunt was chosen whose thickness
was the same as the wall thickness of the tube,
whose width was the same as the circumference
of the tube, and whose separation between strips
was taken to be 0.01 in. (The shunt length does
not affect these computations provided it is several
times the largest transverse dimension.) The
time constants for the shunts as obtained using
the theoretical formulas assuming uniform dis-
tribution of current were (1) for tubular shunt
L/IR=—0.0365x10"% and (2) for strip shunt
L/R=0.218x10"% The skin effects at 7=1 mega-
cycle as obtained from formulas given by Silsbee
were (1) for tubular shunt R/R;.=0.959; and (2)
for the strip shunt R/R;,=0.955. It must be
remembered that these results do not give an
accurate evaluation of the constancy of effective
impedance at frequencies over 1 megacycle,
because at such frequencies the skin effect causes
a nonuniform distribution of current density over
the thickness of the tube or strip, for which the
theoretical formulas used in the above computa-
tion do not hold—mno published theoretical formu-
las good at these high frequencies were known to
the author. However, the above results should
serve their purpose as a comparison between the
two types of shunts. The tubular shunt has a
much lower time constant than the strip shunt,

2 See p. 400 of reference [4] for inductance of tubular shunt.

3 See p. 81 of reference [5] for inductance of a flat-strip shunt; p. 86 for skin

cffect of flat strip, and p. 91 for skin effect of a tubular shunt.
4 See p. 81 of reference [5].
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which means that its reactance will be negligible
over a higher frequency range. !The skin effect
at 1 megacycle appears to be the same for both
shunts, but the formula used in obtaining the
skin effect for the strip shunt neglects edge
effects that are known to considerably increase °
the skin effect at higher frequencies. Thus it
would appear that the tubular shunt, as it has no
edge effects, would have less change in effective
resistance at the higher frequencies than the strip
shunt. A decrease in both inductance and skin
effect could be obtained by using a thinner strip
or a thinner walled tube, but this cannot be carried
to extremes because of the heat capacity require-
ments of the shunt, which will be discussed later;
any improvement made by this means in the strip
shunt could probably also be made in the tubular
shunt, though possibly not to the same extent.
Thus, it would appear that either a coaxial tubular
shunt or a flat strip shunt would satisfy require-
ment (1) (stated above), but that the tubular
desicn would be preferable.

As indicated above, the readily available theo-
retical formulas are not capable of yielding the
effective 4-terminal impedance of a strip or tubular
shunt at frequencies of 1 megacycle or higher.
Due to the axial symmetry of the tubular shunt,
it 1s possible to develop a theoretical formula for
alculating the impedance of such a shunt, taking
into account the nonuniform distribution of cur-
rent over the thickness of the tube (skin effect),
which will hold for very high frequencies. The
development of this theoretical formula (taken
from hitherto unpublished notes of F. B. Silsbee)
is given in appendix 1, and it permits the imped-
ance of any tubular shunt to be computed for
frequencies up to 10° or higher. The develop-
ment of a similar formula for strip shunts would
be much more difficult because of the lack of axial
symmetry.

The inductive effects of current-carrying parts
other than the shunt upon the potential lead cir-
cuit of the shunt (requirement 2), are dependent
upon two factors: (a) the mutual inductance
of the current carrying parts upon any loop in
the potential circuit of the shunt, and (b) the
maximum rate of change of current with time
in the current-carrying part.

The maximum rate of change of current occurs
on the front of the current wave, and it is some-

5 See reference [5], p. 86 and 87.
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times taken to be the peak value of current divided
by the time to peak. This is actually the average
rate of change for the front of the wave, and any
detailed study of the front of a current surge re-
quires a more accurate basis for obtaining the
maximum rate of change of current. Theoretical-
ly, the maximum rate of change of current for ¢
capacitance discharging through an inductance
and resistance occurs at the instant the circuit is
closed and is equal to the voltage, £, to which the
condenser was charged divided by the inductance,
L, in the discharge circuit. The total inductance
of the discharge circuit of a surge-current generator
can be as low as 2 ph, and with a maximum voltage
of 100 kv the maximum rate of change of current
would be 5x10° amp per second. Such a rate of
change of current in the main current circuit would
induce 50 v in the potential circuit of the shunt if
the mutual inductance, M, between the two cir-
cuits were 0.001 wh. As a “pick-up loop” in the
potential lead circuit of only 1 sq em area, placed
very close to a current-carrying part, may have a
mutual inductance of 0.002 ph (giving a peak in-
duced voltage of 100 v), the extreme importance
of minimizing mutual inductance between the
potential circuit of a shunt and all current-carrying
parts becomes apparent. If the surge generator
discharge circuit is fairly long so that its total in-
ductance is more than 2 yxh, the maximum rate of
change of current will not be correspondingly re-
duced, because the stray capacitance across the
discharge circuit will in effect short out the added
inductance at the instant the surge i1s being
initiated.

Referring to figure 1, a, the potential circuit of
a tubular shunt may be considered as an extension
of the coaxial cable from the CRO, ending in a
direct short circuit from the central conductor to
the sheath. Due to the axial symmetry of this
arrangement the mutual inductance between the
potential circuit and any current-carrying parts is
the lowest obtainable. Even when the sheath of
the cable is connected to ground and ground
currents flow in the sheath of the cable and in the
outer current return tube of the shunt itself, these
ground currents will not induce voltage in the
potential circuit of the shunt provided the density
of such currents is symmetrical around the axis
of the shunt. End effects or concentration of
current along one side of the shunt axis can be
largely eliminated by extending the two current-
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carrying tubes of the shunt several diameters
beyond the end of the central conductor that
serves as a potential lead.

To reduce mutual inductance in the potentiu:
circuit of a strip shunt the potential leads can be
taken off the strip as a central conductor and
coaxial tube as shown in figure 1, b. There still
remains the small loop formed by the resistance
ribbon itself which is in the potential circuit of
the shunt and offers the possibility of inductive
pick-up from such currents as might flow in the
sheath of the cable and one of the current leads
up to the potential circuit. There is no way of
separating the potential circuit from end effects
arising from such currents in a strip shunt.
Although a strip shunt could be built with very
low mductive pick-up between its potential circuit
and current-carrying parts, the tubular shunt is
the only design offering the possibility of entirely
eliminating such inductive effects.

In order to understand the importance of being
able to ground the sheath of the cable going from
the shunt to the CRO at or near the shunt (re-
quirement (3) above), it is necessary to consider
the entire surge-current generator circuit. A
schematic diagram of a surge-current generator is
given in figure 2. The heavy lines show the path
of the surge current from capacitor, €', through the
tripping gap, test specimen, measuring shunt and
the necessary connecting leads. No ground con-
nections are necessary to complete the heavy-
current discharge circuit, but this circuit is usually
tied to the ground or the floor of the laboratory at
some point between the low-voltage terminal of
the capacitors and the test specimen in order to
complete the charging circuit and to definitely fix
the potentials of various parts of the discharge
circuit with respect to ground. The self-in-
ductance of the conductors forming the discharge
circuit will depend upon their cross-section, length,
and arrangement. Assuming the conductors to
be of round cross section % in. in diameter, their
inductance is 0.01 g h per em length for a return
at a considerable distance. For the maximum rate
of change of current 510 amp per second, this
means the maximum voltage difference between
two points 1 ¢m apart on this discharge circuit is
500 v. Thus, if the discharge circuit were grounded
at point ¢ in figure 2, a shunt located only 10 em
from point g would be 5,000 v above ground as the
discharge is initiated. This voltage will tend to
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Ficure 2.
ing method of connecting shunts, their potential lead
arrangement, and several possible ground connections.

make current flow in the sheath of the cable from
the shunt to the CRO, through the ground con-
nection at the CRO and back to point ¢ through
the laboratory grounding system. Due to the
stray capacitance (5 in fig. 2) from the lower ball
of the tripping gap and parts of the discharge
circuit to ground, this voltage will be of a high
frequency oscillatory type occurring just as the
main current discharge is initiated and any cur-
rents caused by it will induce voltages of the same
character in any circuit coupled with them. In
order to minimize such inductive effects at the
CRO it is necessary that the cable from the shunt
to the CRO have its sheath grounded at or near
the shunt. In order to reduce the effect of stray
capacitance (C in fig. 2) it may be desirable to
ground other points in the discharge circuit, such
as ¢, in addition to the sheath of the cable. Thus,
the best type of shunt would be one which would
allow any or all of these ground connections to be
made and still have minimum pick-up due to
induced voltages from ground currents.

In figure 2, all of the three types of shunts
lustrated in figure 1 are represented as being
connected in the discharge circuit of a surge
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Wiring diagram of surge-current generator show-

generator in order to help explain the effect of
ground currents on each. The ground currents
most likely to cause inductive pick-up are those
due to the high frequency oscillations arising
from the stray capacitance, C;, to ground. If a
type O strip shunt were used, a consideration of
the various possible ground connections in addition
to the cable sheath ground at the CRO, leads to
the following conclusions: (1) a single additional
ground connection to the cable sheath at ¢ would
not be suitable, because then ground currents
from C; would flow in one potential lead of the
shunt and induce high voltages in the loop formed
by the potential leads; (2) a single additional
ground connection at g would still permit cable-
sheath currents, which flow to ground at the
CRO end of the cable, to flow through one of the
shunt potential leads (actually this is better than
no ground at ¢); (3) two additional grounds, one
at ¢ and one at ¢ would introduce a combination
of the two above effects without eliminating
either; (4) a single additional ground at ¢ would
reduce the inductive effects of ground currents
but would not eliminate them entirely.

Thus the use of a shunt of this type would pre-
clude the experimentally desirable flexibility in
location of ground connections.

If a type B strip shunt were used, the same con-
clusions given for the type €' would hold except
all inductive effects would be much less because,
as may be seen from the diagram, the arrangement
of potential leads insures a lower mutual induc-
tance between the potential circuit and current-
arrying parts.

If a tubular, type A, shunt were used the ground
current for any combination of ground connec-

: . . Sl alieti
tions would be symmetrically distri

the axis of the coaxial potential circuit, thus,
theoretically at least, eliminating any pick-up due
to these ground currents.

The above considerations indicate that the co-
axial tubular design is superior to other designs
in surge-current measurcment work because (1) it
should be more constant in impedance over a wide
range in frequency, (2) it can be constructed to
insure minimum inductive pick-up from current-
arrying parts of the surge generator, and (3) it
offers the greatest freedom in location of ground
connections at the surge generator. In view of
these advantages it was decided to investigate
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theoretically as well as experimentally the ad-
vantages and limitations of concentric tubular
shunts for surge current measurements, realizing
that some of the derived relations would be appli-
cable to strip-type shunts.

2. Determination of Cross-Sectional Area
and Length

The cross-sectional area and length of a shunt
are related as follows:

=
R—pl/A

where V' is the volume of the resistance material, [

its effective length, A the cross-sectional area, R

the resistance, and p the volume resistivity.
Solving for A and [

Ve
A=y [+ (1)
VR
o P i 9
I—+/ ; @)

The resistivity, p, is a constant of the shunt mate-
rial, and it is well to choose a material having as
high a resistivity as possible. The resistance of
the shunt is determined by the maximum current
to be measured and the maximum voltage that
can be recorded at the CRO. The volume of the
shunt resistance material is fixed by the largest
amount of energy that must be absorbed by it dur-
ing a single discharge of the surge generator. A
reasonable temperature rise of say 100° C allows
a thermal input of 100 times the specific heat times
the mass of the shunt material. For most metals
the specific heat is about 0.1 and density is 9, so in
general the maximum allowable thermal input to
the shunt would be 90 times V| in calories {for V in
cubic centimeters. The maximum energy fed into
the shunt during a single discharge is equal to the
energy initially stored in the surge generator capac-
itors (1/2 C' E?), times the resistance of the shunt
divided by the minimum effective resistance of the
surge-generator circuit. As this minimum effec-
tive resistance is usually at least twice that of the
shunt, the maximum shunt input energy may be
taken as 1/4 C E?. When the volume of shunt
material computed from this energy input is in-
serted in the above equations, approximate values
of L and A for the shunt are determined. 1t is best
to choose the thinnest wall tubing available having
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approximately this cross-sectional area as the
thinner the wall the slower the change in effective
mmpedance as the frequency is increased (see
appendix 1). The limit on wall thinness is set by
magnetic stresses, to be discussed later.

If for practical reasons the values actually chosen
for [ and A differ markedly from the approximate
values computed from eq 1 and 2 (this will neces-
sarily be true if the preliminary value of 7 is too
long for convenience or if tubing having approxi-
mately the estimated cross-sectional area is not
available) the allowable energy input should be
computed for the chosen values. This allowable
energy input together with the resistance of the
shunt and the maximum energy available from the
surge generator (% CF?) determine a minimum
effective resistance for the surge-generator dis-
charge circuit. Kxcept in cases where an oscilla-
tory discharge with extremely low damping is
required, this minimum effective resistance will be
exceeded.

3. Forces on a Tubular Shunt

When a heavy surge current is passed through
a tube made of resistance material, it will be sub-
jected to forces from two sources: (1) the action
of the magnetic field produced by the current upon
the current itself and (2) the thermal expansion of
the tube arising from its sudden change in tempera-
ture when the current is applied. The magnetic
force acts as a pressure from the outside tending
to collapse the tube. A formula for computing
this pressure is derived in appendix 2. It depends
upon the square of the current through the tube
and upon its cross-sectional dimensions. Except
for extremely high currents most thin-wall tubes
available for use in a shunt would probably with-
stand the pressure arising from the magnetic field;
however, in the design of any shunt, and especially
in the case of a shunt made with extra-thin-wall
tubing, this pressure should be computed in order
to make sure that the tube will not collapse.

The sudden change in shunt temperature when
the discharge occurs introduces a stress in the
tube whose approximate value can be computed.
As the shunt tube itself is made of material having
much higher resistivity than other current-carry-
ing parts of the shunt and surge generator circuit,
it will momentarily attain a higher temperature
than its supporting parts during each current
discharge. This sudden change in temperature
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tends to increase the length of the tube, but it
occurs so fast the tube does not have time to
expand, and the tube is momentarily put in com-
pression. The maximum compressive stress may
be computed from the strain (total temperature
change 7', times coefficient of linear expansion, §)
and the stress-strain curve for the shunt material.
The tube will then behave somewhat like a spring
mitially compressed and suddenly released; i. e.,
waves of stress will proceed along the tube, with
the velocity of souad, being reflected at the ends
and traveling back as tensile stress. The nature
and magnitude of these stresses could be computed
for any given tube if the exact masses connected
to the two ends of the tube were known; however,
the maximum stress would not be expected to
greatly exceed the initial compressive stress that
may easily be computed as noted above. Assum-
ing the shunt material to be perfectly elastic and
that it will not be stressed beyond its elastic limit,
the maximum stress will be

S=ETs, (3)

where /27 is the modulus of elasticity for the shunt
material. If a value for S is taken equal to the
maximum allowable stress (just below yield point)
for the material being used, this equation gives an
allowable temperature rise for the shunt. For
most materials this allowable temperature rise
is about 100° C. This value could probably be
exceeded because of the high ductility of most
resistance alloys; thus if a minimum resistance is
desired in the surge generator discharge circuit
(maximum energy in the shunt) it would be ad-
visable to determine the maximum allowable
temperature rise or enerey input experimentally.

This could be done by placing a sample of tubing
of the same material and cross-sectional dimen-
sions as the shunt tube in the discharge circuit of
a surge-current generator. The energy absorbed
by the sample may be computed by multiplying
the energy initially stored in the capacitors (1%
C E?) by the ratio of the resistance of the sample
to the total effective resistance of the complete
surge generator discharge circuit including the
sample tube. The total effective resistance of the
surge generator can be deduced by using a shunt,
whose resistance tube has a cross-sectional area at
least five times that of the sample tube, in the
discharge circuit and taking oscillograms of the
discharge current. KFrom measurements of fre-
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quency and logarithmic decrement on these oscil-
lograms, the inductance and effective resistance of
the complete surge-generator discharge circuit can
be computed. Thus, by starting with the surge
generator capacitors charged to a fairly low vol-
tage, I, and taking repeated discharges through
the sample tube at successively higher values of #
the energy input at which the tube is broken or
deformed may be determined. The safe allowable
temperature rise for a tube of this particular
material and size can then be stated.

The experimental procedure just described was
carried out for a %g-in. diameter CuNi alloy tube
whose wall thickness was 0.039 em and length 33
cm. No evidence of tube failure except discolora-
tion due to the high temperature was noted for
energy inputs below 160 joules/centimeter (instan-
taneous temperature rise of 400°C). However, after
the first discharge at this energy input a slight bend
in the tube was noted as though it were failing as a
column in compression. After each discharge of
successively higher energy input the bending was
more pronounced and after a discharge at 268 j/
cm (670° C temperature rise) in addition to the
bending, decided erinkling and ecrushing were
noted. The crushing was probably caused by
magnetic forces acting at an instant when the
tube was weakened because of its high tempera-
ture. These values of energy input exceed what
might be considered a desirable design value.

The safe design value should be one that would
not stress the tube beyond its elastic limit. This
was determined in another experiment by measur-
ing the length of the tube before and after each
discharge. After two discharges, the energy input
of each being equal to 60 j/em (150° C tempera-
ture rise), no permanent change in length was
noted. For energy inputs of 100 j/em (260° C
temperature rise) or greater an increase in length
of about 0.2 mm (0.6 percent) was noted after
each discharge. Thus, it was coneluded that the
maximum allowable temperature rise for a shunt
made of this material should be about 150° C.
This is only slichtly above the maximum value
(133° C) computed from the stress due to thermal
expansion.

4. Inductance and Capacitance Between Current
Terminals

Because of the method of attaching potential
leads, the 4-terminal impedance of a tubular shunt
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1s constant over a wide range of frequency. How-
ever, at very high rates of change of current (high-
frequency components of the surge), the distrib-
uted capacitance and inductance of the current
circuit will cause variations in the root-mean-
square values of these high-frequency components
along the length of the shunt. That is, the in-
stantaneous value of current along the length may
differ from the value at the current terminals.

This variation in the instantancous value of
current along the length of the shunt is, of course,
entirely negligible at lower frequencies, but in
order to determine the frequency at which this
effect becomes appreciable a solution for the cur-
rent and voltage along the length of the tube,
assuming uniformly distributed inductance and
capacitance only, was obtained (in a manner sim-
ilar to that used in appendices 3 and 4). The
current at the potential lead end of the shunt,
1, was found to be

1,
1'—003 wl IO 4)
where
I, =current at current terminals; L=dis-

tributed inductance per unit length of
shunt; C=distributed capacitance per
unit length of shunt; o=2xf (f in cycles
per second); I=length of current circuit
in centimeters.
For concentric tubes whose wall thickness is small
compared to their diameter, the inductance and
capacitance per unit length are:

L=2]log. b/a>X107° henries 5)
and
(= l(())g?oi) X 1072 farads (6)

where @ is the outer diameter of the inner tube,
and b is the imner diameter of the outer tube.
Multiplying eq 5 by eq 6 gives LO=1.110X107%,
Thus the quantity W/LC in eq 4 is a constant, and
the variation in current along the length of the
tubes depends only upon the length, [, of the tubes
and the frequency of the current being measured.
For shunts up to 100 em long, the maximum varia-
tion in current is less than 10 percent for frequen-
cies up to 21.5 megacycles.

The voltage between the current terminals was
found to be
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The magnitude of this voltage does not affect the
accuracy of the shunt, but it should be evaluated
to indicate the insulation required between cur-
rent terminals. For shunts up to 100 e¢m long
the quantity in the bracket of eq 7 reduces to
unity (within 5 percent) for frequencies up to 18
megacyeles.  Thus this voltage may be taken as
equal to ywLlI or LldI/dt. The total inductance
of the current circuit for any tubular shunt, LI,
may be computed from its dimensions by use of
eq 5, and the rate of change of current dI/dt
depends upon the particular surge generator being
used and its discharge circuit. For a typical
shunt, 100 em long, this inductance is about
0.14<X107% henries, and for the maximum rate of
change of current assumed above (510 amp/sec)
the voltage between current terminals is 7,000 v.

III. Description of Two Shunts

There are two surge generators being used in
this laboratory at the present time. One is a
2,000 kv surge-voltage generator capable of
giving 30,000 amp on short circuit. The other is
a 100 kv 10uf surge-current generator capable of
discharging a maximum of 200,000 amp. It was

TaBLe 1.—Constants of two tubular shunts

Shunt A Shunt B
Four-terminal resistance - ____________.__ 0.040hm_______ 0.0048 ohm
Over-alllength____ _______________________ 39 in ___________ 3814 in.

Length of resistance tube______
Diameter of outside tube
Diameter of resistance tube____________._
‘Wall thickness of resistance tube .. ______

Cross-sectional area of resistance tube____
Resistance tube material . ________________

0.008 in. (0.0203
cm).

0.0392sq em____

German silver__

_| 2474¢ in.

2iin

1in.

0.0246 in. (0.06
cm).

0.469 sq em

80% Cu, 20%
Ni

Resistivity of resistance tube (micro-ohm | 23.33___________ 36.3
cm).
Ratio of a-¢c impedance to d-c resistance,
at:
f=0.25 megacyele________ .___________ 1000 0.98
f=0.50 megacycle. ____.________________ 1.00_ e
f=1.0 megacyeles__________ 0.99_ _| 0.76
f=2.0 megacyeles _________ -] 0.96_ 0.48
f=5.0megacyeles_____________________ (): 86 SRR 0.15
Allowable temperature rise 7Lomputod
from stress due to thermal expansion_| 133°C__________ 133°C
Allowable energy input_____. . ________ 1320 joules___._ 14,500 joules
Current limit due to magnetic foree . ____ 87,600 amp . __ 223,000 amp
Total inductance of current circuit______.| 0.202uh_______ 0.106 u h
Maximum voltage drop at current ter-
minals—Z di/d! for di/dt=5x1010 amp/-
L7 S S 10,000 v 5,300 v
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See table 1 for additional dimensions and other constants.

F1GURE 4.—Structural details of large tubular shunt, B.

See table 1 for additional dimensions and other constants.

CURRENT TERMINAL

CABLE to CRO

i
f
i
S men

fii | RESISTANCE TUBE

S¥

|

Alu

755528—47 (Face p. 198) No. 1



Tube A’

~Brass
Polyethelyne

Tube A B
Rod.q:t"_ Bakelite supporting disk

Copper disk

Fiaure 6.—Type 1 conceniric tube mutual inductor.
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755528—47 (Face p. 199) No. 2



thought that at least two shunts would be needed,
one for currents from 10,000 to 50,000 amp and
one for currents from 50,000 to 200,000 amp.
As the CRO was capable of giving satisfactory
records over the range from 200 to 2,000 v when
used with a suitable potential divider at the de-
flecting plates, resistance values of 0.04 and 0.005
ohm were chosen for the two shunts that have been
constructed. Cross-sectional drawings of the
shunts are shown in figures 3 and 4. Their
physical and computed constants are given in
table 1. The resistance tubes were selected from
a small stock of readily available thin-wall tubes,
because at the time it was not feasible to wait for
special tubes to be drawn.

The ratios of a-c impedance to d-c¢ resistance
given in table 1 were computed from the theoreti-
cal formulae derived in appendix 1. At fre-
quencies above 5 megacyeles for the 0.04 ohm and
1 megacyecle for the 0.0048 ohm shunt, this ratio
is considerably less than unity. This fact is of
no great concern in the measurement of the present
standard impulse-current test waves for which the
fundamental-frequency component is of the order
of 100 ke or less; but the fact should not be over-
looked that the magnitude of higher-frequency
components, probably present in such test waves,
may be considerably reduced on a comparative
basis.  Other types of shunts, as they have some
inductive coupling between their potential-lead
circuit and current-carrying parts of the discharge
circuit, may give an indication of these higher
frequency superposed currents. However, this
indication will depend, not upon the resistance of
the shunt, but upon the unknown value of in-
ductive coupling, and thus will give an erroncous
idea of their magnitude. A method of accurately
determining the magnitude of high-frequency
components consists of using a mutual inductor,
having a known value of coupling with the current
circuit, in place of a shunt. Mutual inductors
have been constructed and are used at this labo-
ratory. They will be discussed in section IV.

The allowable energy input for these shunts was
computed from the allowable temperature rise (ob-
tained from the maximum stress due to thermal
expansion) and the mass of each shunt (actual
ralues are given in table 1). These values are use-
ful in computing the minimum resistance that can
be used in the discharge circuit of a surge generator
without overheating these shunts. As an example:

Surge Current Shunts and Inductors

The surge voltage generator in this laboratory
requires the dissipation of 33,300 j for each dis-
charge when charged to full-rated voltage. Thus,
when shunt A is used with this generator, the total
resistance of the discharge circuit must be at least
33,300 divided by 1,320 times the shunt resistance
(0.04 ohm) or 1.01 ohms. A similar computation
for shunt B gives 0.107 ohm. As the minimum dis-
charge resistance of this surge voltage generator is
6 ohms, either shunt may be used with any dis-
charge circuit. The surge-current generator in this
laboratory requires the dissipation of 50,000 joules
when charged to full-rated voltage, thus the total
resistance of the discharge circuit must be at least
1.52 ohms if shunt A is to be used or 0.0165 ohm if
shunt B is to be used. As the minimum discharge
resistance of this surge-current generator is 0.03
ohm, shunt B may be used with any discharge
circuit, but shunt A should only be used when a
resistance of at least 1.5 ohms is added (a resistance
of about this value is needed to give a critically
damped discharge).

The current limitations on these shunts due to
magnetic forces were estimated by the formula
given in appendix 2. These limitations are above
the values of current expected to be used with
these shunts. The inductances of the current cir-
cuits of these shunts were computed by using the
formula given in eq. 5. The voltage drops com-
puted from these inductances and the maximum
expected rate of change of current indicate the
desirability of having adequate insulation between
the current terminals to prevent flashover.

IV. Mutual Inductors for Measuring Rates
of Change of Current

1. General Considerations

For many experiments involving heavy-current
surges, 1t is desirable to know the wave form of
the rate of change of current, for example: (1) in
studying the voltage induced in a circuit coupled
with the heavy current discharge circuit and (2)
in studying the voltage difference arising from
inductance between two points on a conductor or a
system of conductors carrying the heavy-surge
current. The rate of change of current can be
computed from an oscillogram of the current
obtained by using a shunt, but this involves the
inaccuracy of measuring the slope of the current
wave at a number of points and plotting a curve
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from these measured values of slope. In addition,
the high-frequency components of the current
wave form as they appear in the oscillogram ob-
tained with a shunt may be highly distorted or
attenuated and give an erroncous value of rate of
change of current, especially at the point of
maximum rate of change. A more accurate record
of rate of change of current can be obtained with
much less effort by inserting the primary of a
mutual inductor in the heavy-current discharge
circuit in place of the shunt and connecting the
secondary of this inductor to the cable to the CRO.
The record obtained on the CRO is then equal to
M dijdt. 1f M (the mutual inductance of the
inductor) is known, an actual oscillogram of the
rate of change of current is obtained.

A mutual inductor, to be considered satisfactory
for this purpose, must fulfill the following re-
quirements: (1) Its mutual inductance must be
of suitable value to give the proper voltage at the
CRO (from 500 to 2,000 in this case). For the
expected rates of change of current (from 1 to 5
times 10  amp per second) this amounts to about
0.05 gh. This value of mutual inductance must be
definite and should be computable from the
physical dimensions of the inductor.

(2) The primary circuit of the inductor must be
capable of carrying the heavy current discharge
and should add a minimum impedance to the
discharge circuit.

(3) The secondary circuit should have minimum
coupling to all current carrying parts except the
primary of the inductor.

(4) The method of connecting the secondary
circuit to the cable going to the CRO should be
such that the sheath of this cable can be connected
to ground near the surge current generator without
introducing coupling between ground currents
in the sheath and the secondary ecircuit.

(5) The secondary circuit should have a mini-
mum  self-inductance. This may be explained
as follows: The voltage to be measured at the
CRO (M dI/dt) is impressed upon a circuit con-
taining the self-inductance, L, of the secondary
circuit and the surge impedance, R, of the cable
to the CRO. It is the voltage across the surge
impedance, R, that is recorded at the CRO and its
value is

Ecnon dI/d{' (8)
o
R

200

In order to have Eero equal to M dI/dt for the high
frequency components of 7, it is apparent that the
self-inductance, L, of the mutual inductor second-
ary circuit should be kept as low as possible.
As L cannot be reduced to zero, the highest
frequency components of 7 are subject to a phase
displacement and attenuation, the magnitudes of
which can be computed from the above equation
for any assumed value of w=(2xf).

A consideration of the various convention types
of mutual inductors leads to the conclusion that
none of them will fulfill the above requirements
satisfactorily. The most promising type appeared
to be one consisting of a straight single conductor
primary insulated from, and running through, the
central axis of a toroidal coil secondary of sufficient
turns to provide adequate voltage at the CRO.
It was thought that by introducing shields and
connecting them to the primary circuit at an
appropriate point with respect to the ground
connection, an inductor of this type might fulfill
most of the requirements listed above. A pre-
liminary design of an inductor of this type was
carried out, but the self-inductance of its second-
ary circuit had to be at least 2 ph in order to give
the desired value of mutual inductance. When
this value of inductance and 50 ohms for the CRO
cable surge impedance, R, are inserted in eq. §,
it is found that the voltage at the CRO is only

0.9 of M %% for a frequency of 1.8 megacyecles, for

higher frequencies the attenuation would be much
greater. The use of a mutual inductor of this
type was, therefore, abandoned.

2. Mutual Inductors of Special Design

The first attempt to design a special mutual
inductor to meet all of the requirements listed
above resulted in the inductor shown in figure 5.
The primary circuit is the straight length of No.
10 copper wire (with the return circuit at least
2 ft away, its effect can be neglected). The
secondary circuit consists of the “D” formed by
part of the No. 10 wire and the No. 16 wire. This
arrangement permits the magnetic flux linking the
secondary “D” to be computed as that due to an
mfinitely long, straight conductor, neglecting the
effect of the return lead. The self-inductance of
the secondary circuit is that due to the single “D”’
loop and can also be computed from its dimensions.
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Fraure 5.—D-type mutual inductor used to obtain records of

rate of change of surge currents.

M=0.0986 uh

An inductor of this design, with dimensions cor-
responding to the scale in figure 5 was constructed.
Its mutual inductance was computed to be 0.0986
wh and the self-inductance of its secondary circuit
0.25 wh. This value of self-inductance is con-
siderably less than that of the toroidal secondary
circuit mentioned earlier, and as a consequence
frequencies up to 15 megacyecles will be recorded
with only 10 percent reduction in magnitude. The
secondary circuit is connected to the CRO cable
by coaxial leads, thus no voltage will be induced
i it from ground currents flowing in the cable
sheath. A mutual inductor of this type appears
to fulfill the requirements of surge current testing
fairly well. The one constructed in this labora-
tory has been of considerable value in obtaining
records of the rate of change of surge currents.
Its outstanding advantage lies in simplicity of
construction.

The “D”-type mutual inductor has some draw-
backs: (1) it is not completely unaffected by
magnetic fields produced by other current-carrying
parts of the surge generator circuit and (2) the
self-inductance of its secondary circuit is about
three times its mutual inductance (as & minimum
it should be possible to make an inductor whose
self-inductance is as low as its mutual inductance).
Another mutual inductor has been designed in
which the secondary circuit consists of a tube
arranged coaxially with the primary conductor in
order to overcome the small defects inherent in
the “D”-type inductor.

A type I coaxial tube mutual inductor is shown
i figure 6. Tube A constitutes the primary cir-
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cuit of this inductor (the surge-current return lead
is again assumed to be located at least 24 in. away
so its effect can be neglected). The secondary
circuit of this inductor consists of the following
parts: (1) tube, A, from a to b, (2) a radial ring
soldered on its inside to and around tube A at b
and soldered on its outside to and around the
inside of tube, B, at ¢, (3) tube B from ¢ to d, and
(4) the four-wire radial “spider” connection from
d on tube B, going through but insulated from
tube, A, and soldered to the central conductor of
the potential leads at /. The secondary terminals
are thus at @ and f and are brought out through
the concentric leads to the fitting for the CRO
able.  How well this design of mutual inductor
fulfills each of the requirements listed above may
best be seen by considering each requirement, as
follows: (1) The mutual inductance can be com-
puted as that due to the magnetic flux produced
by current in a long straight conductor (tube A)
integrated over the region @ b ¢ d a between the
tubes.  The mutual inductance thus derived in
terms of the tube dimensions indicated on figure
6 is

M=2llog, :2 107 henry (for 7 in cm).
1

There is a small correction to this value of indue-
tance due to the thickness of tubes A and B,
which can be computed by the method explained
on page 397 of reference [4]. For »=0.25 in.
and 7=1 ., the length, [, of tube B should
be about 7 in. to give a mutual inductance of
0.05 ph. (2) Because of the method of bringing
out the secondary circuit leads used in this design,
tube A must be at least 0.5 in. in diameter, and it
should be made of a good conducting material such
as copper. The wall thickness of this tube is
relatively unimportant, and any ordinary thin
wall copper tube can be used that is adequate to
arry the heavy current discharge without damage.
(3) The secondary circuit except for the ring and
spider are coaxial conductors and thus have mini-
mum coupling to all currents not flowing in the
inductor. Likewise the radial ring and spider
conductors are symmetrical about the axis which
results in minimum coupling. (4) Also, because of
the coaxial arrangement of the secondary circuit
and leads to the CRO cable, any ground currents
flowing in the cable sheath will have minimum
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coupling with the secondary circuit and leads.
(5) The self-inductance of the secondary circuit
can be computed by the method explained on
page 397 of reference [4], and it is found to be
equal to the mutual inductance except for a small
term arising from the finite thickness of tube, B.
The self-inductance of the spider alone is less than
0.005 ph. Thus this design gives the minimum
self-inductance that can be obtained in a straight-
forward manner.

An approximate value of the voltage impressed
on the CRO cable can be obtained from eq. 8, but
this equation neglects the capacitance between
tube, A, and tube, B, and will not hold for the
higher frequencies. A more accurate method for
computing the value of this voltage is to consider
the capacitance and inductance of the secondary
circuit to be uniformly distributed along its
length and solve for the voltage at the CRO end
of this circuit by the methods normally used
for circuits of uniformly distributed constants.
This is done in appendix 3, and as shown there for
a typical mutual inductor designed for surge-
current measurements, the voltage impressed on
the CRO cable will be equal to M dI/dt (within
10 percent) for all frequencies up to 65 mega-
cycles/sec.

The type I tubular mutual inductor appears to
satisfy the requirements for surge-current measure-
ment quite well. One was constructed in this
laboratory having the approximate dimensions
indicated in figure 6. This type of inductor is
entirely satisfactory if the surge-generator dis-
charge circuit is fairly long and can be arranged so
that the inductor forms the final part of the return
lead to ground. In case the minimum length of
discharge circuit is required, the length of this
inductor may add an appreciable inductance to
the discharge ecircuit and it may also not be
feasible to keep the return lead 24 in. away from
the axis of the inductor. KFor such cases, a
slightly different design of tubular inductor (type
1I) as indicated in figure 7 is suggested. It is the
same as the type I inductor except that a return
cireuit is provided for the current by a larger tube,
coaxial with the smaller tubes. This design brings
the two current terminals close together and
eliminates the problem of the location of the
inductor with respect to other parts of the surge-
generator circuit. It allows the inductor to be
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used 1 a discharge circuit of mimmmum length
with the addition of the least possible inductance
to the discharge circuit. The outer current re-
turn tube of the type Il inductor also acts as an
electrostatic shield for its secondary circuit.
Because of the distributed capacitance between
the outer-current return tube and the coaxial
secondary circuit tube, currents and voltages in
the secondary circuit will not be the same for the
type II inductor as for the type I. Thus a com-
putation of the voltage impressed on the CRO
cable for a type II inductor must take into account
the distributed capacitance and inductance of the
circuit formed by the outer tube of the secondary
circuit and the return current tube in addition to
that of the secondary circuit itself. This is done
in appendix 4, and while the results appear quite
different from those obtained for the type I in-
ductor in appendix 3, they indicate about the same
upper limit in frequency (70 megacycles/sec).

Each of the three types of mutual inductors
described above should prove useful for surge-
current measurements. The “D” mutual induc-
tor is very simple to construct and will measure
superposed frequencies up to 15 megacycles/sec
with less than 10 percent error. The tubular
inductors are somewhat more complicated to con-
struct but extend the frequency range to 70
megacycles/sec. The type 1 tubular inductor is
suitable when the surge-generator discharge path
is fairly long and the type II when a minimum
length of discharge path is required. Inductors
of both the “D”-type and the type I tubular
have been constructed and proved very useful in
this laboratory.

V. Experimental Results

The shunts and mutual inductors described
above have been used in this laboratory for meas-
uring current surges both from a surge-voltage
generator and a surge-current generator and for
various arrangements of discharge circuits. The
oscillograms in figure 8 are typical of the results
obtained. They are records of the discharge cur-
rent and rate of change of current for a surge-
current generator consisting of 40 1-uf, 50-kv,
capacitors connected in series-parallel so as to give
a total capacitance of 10 uf and a voltage rating
of 100 kv. The discharge circuit consisted of a
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Ficure 8.—CRO records of a critically damped discharge from a surge-current generator.

a, Carrent wave-form obtained by use of tubular shunt, A. b, early part of current wave-form on a faster CRO sweep. ¢, rate of change of current obtained
by use of the mutual inductor shown in figure 6; d, early part of rate of change on a faster CRO sweep.

three-ball triggering gap; a 1-ohm resistor made
up of 24 globar type B ceramic resistor units, as-
sembled in the form of a cage (to minimize in-
ductance) having sets of two 12-in. units in series,
connected in parallel so that this assembly was
24 in. long; about 5 ft of copper busbar; and the
shunt or mutual inductor. The total inductance
of this generator and its discharge circuit is 2.5 ph
and the 1-ohm resistor gives very close to critical
damping.
8 the generator was charged to 75 kv and gave a
maximum discharge current of 55,000 amp, the
maximum rate of change of current being 2.5x10%°
amp/sec

The oscillogram in figure 8, a, shows the varia-
tion of current with time for the entire surge.
Figure 8, b, shows the initial rise of the current on
an expanded time scale (faster CRO sweep).
Figure 8, ¢, shows the variation in the rate of
change of current for the entire surge, and figure
8, d, shows the initial rate ot change of current

For the oscillograms shown in figure

Surge Current Shunts and Inductors

The current records are
quite smooth and just as anticipated from theory,

using a faster sweep.

as are the rate of change of current records
except for the superposed high-frequency oscilla-
tions occurring just as the surge is initiated.
These superposed oscillations have a frequency of
about 40 megacycles and are probably caused by
stray capacitance across parts of the discharge cir-
cuit, such as from one ball of the tripping gap to
ground. If this stray capacitance is across a sec-
tion of the discharge circuit having an inductance
of 2 wh, it would require only about 10 uuf to pro-
duce the 40 megacycleoscillations. 1t 1s practically
impossible to eliminate such stray capacitances.
In the discharge circuit used in obtaining the oscillo-
grams of figure 8, stray capacitances were reduced
to as low a value as possible. For discharge cir-
cuits involving fairly large apparatus as a test
specimen, stray capacitances will be larger, result-
ing in a superposed oscillation of lower {requency.

The slight upward curvature on the zero line
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of oscillograms in figures 8, b and 8, d at the start
of the sweep is introduced by the oscillograph and
should not be considered as part of the surge
record. The source of this ‘hook’ in the CRO
zero line 1s a small horizontal deflection given to
the beam by the Norinder relay plates as voltage
1s initially applied to them. This deflection
slightly alters the CRO sweep rate at its beginning
but should, by itself, introduce no vertical de-
flection. However, since the focusing coil 1is
located below the Norinder relay plates, this
deflection puts the beam slightly off the axis of the
focusing coil which then produces the small
vertical deflection.

The oscillograms in figure 8 illustrate the ad-
vantages of using a mutual inductor in addition
to a shunt when measurements of a current surge
are being made. The superposed oscillations can-
not be detected on the current record but can
readily be seen and measured on the rate-of-
change-of-current record. Their actual magnitudes
in amperes can be computed from this record, and
from measurements on the oscillogram of figure
8, d they were found to have a maximum ampli-
tude of about 25 amp. Oscillations of this
magnitude would be almost impossible to detect
on a current record even though the attenuation
of the shunt for these higher frequencies did not
mask them out. The rate of change of current
records are also of great value in studying the
effects of induced voltages arising from the
current surge. They further provide an accurate
measurement, for the time to maximum current
(zero rate of change).

VI. References

{1} P. L. Bellaschi, Heavy surge currents—generation and
measurement, Electrical Eng. 53, 86 (Jan. 1934).

[2] T. Brownlee, Discussion of Bellaschi’s paper, Heavy
surge currents—generation and measurement, Elec-
trical Eng. 53, 481 (Mar. 1934).

3] N. Rohats, A surge-current generator, General Electric
Rev. 37, 296 (June 1934).

[4] F. B. Silsbee, A study of the inductance of four-terminal
resistance standards, Bul BS 13, 375 (1916) S281.

|5] F. B. Silsbee, Notes on the design of four-terminal

resistance standards for alternating current, BS J.
Research 4, 73 (1930). RP133.

204

VII. Appendices

1. Effective Impedance of a Tubular Shunt as a
Function of Frequency °

Let the radii of the inner and outer tubes be a, b, a’, and
b’ as indicated in figure 9. Assuming the tubes to be
coaxial and perfectly symmetrical about their axis the
current density in either tube at a given radius, r, from
the axis will be a constant for any given instant, so let

i,=current density in inner tube at radius r,+ if into

paper
1,/ = current density in outer tube at radius r, -+ if into
paper

Fiecure 9.—Cross-sectional view of a tubular shunt.

Then
[ =total instaneous current in inner tube
= J;a21ri,rdr
I’:tot/al instantaneous current in outer tube
=f; 271, rdr
Algo, let:

e=emf drop per unit length of inner tube
¢/ =emf drop per unit length of outer tube
H,=magnetic field at » taken + if clockwise
p==resistivity of inner tube material
p’ =resistivity of outer tube material
&, =total magnetic flux outside of radius r
(all permeabilities assumed=1).

Nore.—The cgs magnetic system of units is used
throughout this derivation and all dimensions are in
centimeters.

8 This derivation is taken from hitherto unpublished notes of F. B. Siishee.

Journal of Research



As all currents flow along lines parallel to the tube axis,

e and ¢’ are independent of r, so

e=pii+ 22 ©
' M" (10)
and )
S S5 =0 12)
For the inner tube
‘J‘b 21, iy b’ ] J’b’ 2(1:—1) i (13)

where
1,=J‘ 9ai,rdr and 1;=f’, Ixi’rdr
a a

For »>b', #,=0. Differentiating eq 13 with respect to r

% _2__2 f’ i, rdr (14)
a
Similarly for the outer tube,
b /
w= [P2LEL) (15)
and
’ )
Oa%' = —2—( L) [I—I—J 2wt rdr] += J 2milrdr
(16)
.
since [= —J , 2wirdr
a
Inserting eq 14 in eq 11 and eq 16 in eq 12,
) 4 W
r%’;'=—p—,’r ga indr (18)
Differentiatinz again with respect to r
021, ol 47r o1,
or? + or p "ot~ =0 (19)
oi, 4w 01,
ar2+'i_lra§:0 )
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If 2,=lyer=t
> . ..
‘571,—‘*‘]0)1,

and eq 19 and 20 become

Siry L ) gai,—0 (21)
2.
S o K= (22)

. . 4 .
where K?= —jw 477‘- and K= —jw p_-:r, the solution of

eq 21 is

=2Zy(Kr)=C1Jo(Kr)+ C;Ny(Kr) (23)
where J, and N, are Bessel’s functions of order 0 and of
the first and second kind. C; and C, are constants of

integration. Similarly the solution to eq 22 is
6,=2Zy (K'r) =CiJo(K'r) + C3Ny(K'r) (24)
The total current is
b b
I=21rj 1',rdr:27rj rZo(Kr)dr (25)
and from the general relation
J 2o(oa) dx == 57 (o) (26)
it follows that
2T o s .
I=f 1bZ(Kb) —aZ(Ka)] (27)
Similarly
27r 14/ 44 TH! Y/ 44 & 5 4
I’=f[b Zy(K'b)—a'Zi{(K'a")] (28)
Likewise
27 > .
[‘:F [Z(Kz) —aZ(Ka)] (29)
n=2 [xZ{(K’x) --afzg(K'a')] (30)
205



To obtain values for the ®,’s substitute eq 29 and 30 in eq 13 and 15. For the inner tube, after performing the in-
tegrations

b’ ’ e ’
®,— [ Zo(Kz )] 47ra21(Ka) log —+2I log B K'2[ Zi(K'x ] _4ma JK(lK a’) log;’b—, (31)

For the outer tube

¥ =21log " +K,2[ Zi(K'z )] = Len LA (32)
The voltage drop in the outer tube is
e':"'i:“" aaq;'i
After substituting and simplifying
e =p' {2’19—1— log '+ K'a'Z(K'a’) log b’ +Z;(K'b") —log r [ ],[+Ix' 'Z{(K'a ’)] } (33)
Since e’ is not a function of », the coefficient of log » in eq 33 must vanish, this gives
Z{(K’a’)=%; 1 (34
This is one relation fixing the coefficients in Z,’. The other relation is in eq 28. Substituting eq 34 in eq 28 gives
Z{(K'b")=0. (35)

Voltage drop in inner tube is, similarly
’ !
e=pZy(Kb) + KapZ,(Ka) log b— KapZ,(Ka) log r+2[jw log %—{—p’[Zé(K’b’) —Zy(K'a")1+p'K'a’Z{(K'a") log (% (36)

Coefficient of terms involving » must be zero, therefore

Z1(Ka)=0 (37)
Putting eq 37 in eq 27
KI
Zl(Kb)=m (3%)
Inserting eq 37 and 34 in eq 36 gives
e=pZy(Kb) —2Ijw log (%"'p/[Zo/(K'bl) —Zy(K'a")] . (39

The effective four-terminal impedance for a shunt with the potential lead inside the inner tube is
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From eq 31, 34 and 37

ob,

PO , . b
ot —PZo(KD) —pZo(Ka) +p'[Zs(K'b') —Zi(K'a") | = 2jel log -5

Subtracting eq 40 from 39

o) Zy (K
e= 3 @,=pZy(Ka) or z=P72K0)
From eq 24 and 34
. K’
Z(K a,>=727ra’ I=CJi(K'a")+CiN{(K'a’)

From eq 24 and 35
Zi(K'b)=0=C1J;(K'b") + C;N,(K'b")
From eq 23 and 37
Zy(Ka)=0=C.J(Ka)+ C;N,(Ka)
From eq 23 and 38

Z1(Kb) =%=C,J.(Kb) 4 C2N;(KDb)

Solving eq 42, 43, 44, and 45 for the coefficients

Cr— K'T N,(K'b")
' 2xa’ D’
IKLIRIRCRLDY)

H
2mra’ D’

)

| .

where D'=J,(K'a’)N,(K'b") —J(K'b") N\(K'a'),

_ KI Ni(Ka)

C==25"D

_ KI J,(Ka)

Cz_21rb D’

where D=J,(Ka) N;(Kb) —J,(Kb)N,(ka).
From eq 23

Zo(Ka)=CiJo(Ka)+ CsNo(Ka)
Using this and putting in values of C; and C, from eq 46 and 47 eq 41 becomes

_ pPK [ Ny(Ka)J:(Ka) — N1(Ka)Jo(Ka)
= 2xb J1(Ka) N{(Kb) —J,(Kb) Ni(Ka)

Using the general relation

No(Ka)Jy(Ka) =N\ (Ka) Jo(Ka) =

a

eq 48 becomes

C P 1
2= 22gb J,(Ka) N, (Kb) — J,(Kb) N, (Ka)

Surge Current Shunts and Inductors

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)
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Using the following general relations

2 .
Ji(Ka) =\/m [PI(K(Z) sin (Ka—%)—i— Q:(Ka) cos (Ka—%)]
Ny(Kb) =/ —2- [ — Pi(KD) cos(Kb—l')+Q (Kb) sin(Kb—’—')] :
! 7Kb ! 4 ! 3
letting b—a=d, and putting in the following approximate values of P, and O,
15
PrKay =1+ 155

Q(Ka) =g

the denominator of eq 49 becomes, for K?= —jm?

_MJ[ L) .15 .9 omd
D,= m | (1+]128m2a2 (1+] 128m2b2) +‘764abm2 Slnx/i(l )+

[(1+ 12;722!12)(837;‘/2) <1+‘712§7n2b2>(83;ntj]2>] cos 75 (1= S

Most of the terms inside the brackets in eq 50 are negligible if the frequency is much above 60 cycles per second. If
f=1,000 ¢/s, p=40,000 (cgs units), (b-a)=0.06 em, and b=a=1 (approximately), this equation simplifies to

\/2ab(1 ])7r i md
=t s \/ > (=) (51)
Letting :/L_g=6 and putting eq 51 back in eq 49
i ) (sin & cosh 6+ cos 6 sinh &) +7 (cos § sinh §—sin § cosh ) (52)
" 2rdy/ab (sin & cosh 8)2+ (cos & sinh )2 !

where
p=resistivity of shunt material in cgs units
a=inner radius of shunt tube in cm
b=outer radius of spread tube in ¢m
d=thickness of shunt-tube wall in em
w=27 times the freaquency of the current through the shunt.
z=vector impedance of shunt for values of above quantities used.
The d-c resistance of the tube in absohms, for d<{b is

Ro=5— = 53)
" 9rxdyab (53)

and eq 52 becomes
2=Rud (sin & cosh 64 cos § sinh §) 47 (cos 6 sinh §—sin § cosh 4) (54)

(sin 6 cosh §)2+ (cos & sinh §)2

Equation 54 is very nearly correct for any thin-wall tube when the frequency is above 1,000 cycles per second.
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Fiaure 10.—Curves showing ratios of a-c resistance R, reactance wL, and impedance Z, to d-c resistance Rge, plotted as ordi-
nates against the parameter, 8, as abscissa.

Abscissa scales in frequency are also shown for two tubular shunts.

The solid-line curves were obtained from the formula derived in appendix 1.

The

dashed-line curves from formulas known to be applicable only at lower frequencies.

For lower frequencies, the skin effect formula as given
on page 91 of Research Paper No. 133 (see reference 5) is

mAd*
R (1T (17 )

The inductance at lower frequencies, where the current is
assumed to be uniformly distributed as given on p. 400 of
Scientific Paper S281 (see reference 4) is, in abhenries per
centimeter,

(55)

d
= ~3a
For d<<b this gives
L 82
%ﬂ: = (56)

Actual values of R/Rg, wL/Ra, and |2|/R4. as functions
of 6 are shown by the curves in figure 10. The solid lines
represent values obtained from eq 54 and the broken lines
values from eq 55 and 56. For 6<_1, the broken and solid
curves coincide, but for § >1 the values obtained from eq 55
and 56 exhibit rapidly increasing errors as would be
expected from the assumptions made in the derivation of
these equations.

Frequency scales are also given on these curves for the
two shunts in use at this laboratory.

2. Magnetic Force Due to Current in a Tube

Referring to figure 9, the magnetic field (/,) at any
point r distance from the axis of the tube, where a<r>b,
for a total current, I, in abamperes uniformly distributed
over the cross section of the tube, is

_ri—a* 2l
LG T—ar

Surge Current Shunts and Inductors

The current density inside the metal of the tube is
I
w(b*—a?)

The total current in the shell of thickness dr is

Ia2 dr.

ty=127rdr= b22:
The total radial force (directed inward) on this shell of
current, due to the magnetic field #, is
1= Al

in dynes per centimeter length of tube. The total force
on the entire tube per centimeter of length is

b b o2
F‘L F"f ®—d

Performing the integration

a2)2 412dr

b3 2a?
F=- am( sy

This force expressed as a pressure per square centimeter is

_F_ ep b 203
P—ﬁz—wb(bz;(ﬂ)z( —at+3
which simplifies to
or [ 1
P=gui Lo+t Gran]

which is the pressure in dynes per square centimeter.
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The collapsing pressure for thin-wall tubing as obtained
from A. E. H. Dove’s formula 7 is

=20 (5)"

E is the modulus of elasticity and m is Poisson’s ratio for
the tube material; ¢ is the wall thickness of the tube and
D is its diameter. If E is expressed in dynes per square
centimeter, the collapsing pressure P, will also be in dynes
per square centimeter. Kquating this to the magnetically
induced pressure due to current, I, as obtained above
and solving for /, we obtain the current in abamperes at
which the tube will collapse

E (b—a)*(b+a)? a)*(b+a)?,
_1085\/1 m B(b+ 2a)

3. Effective Inductance of a Type I Concentric-
Tube Mutual Inductor as a Function of
Frequency

In a type I concentric-tube mutual inductor, shown
schematically in figure 11, the current, I, whose rate of

i
. {I by ' q
1 I |
I Tg‘ {‘ #‘C'dﬂ r, ty J:Represenls Surge |
g ! | Impedance of Cable|
—>] ob ‘—w{_i‘ ".'.L_ o

- ﬁ_

| 1

; To CRO
’ X ’—dx - cable
| |
L

1

Ficure 11 —Schematic drawing of a type I concentric tube
mutual inductor.

change is to be measured, passes through the inner tube
and the return circuit for this current is assumed to be
far enough away (about 24 in.) so that its effect can be
neglected. The secondary circuit of this mutual inductor
consists of the length of the inner tube from a to b, the
radial ring from b to ¢, the outer tube from ¢ to d, and the
four-wire ‘“‘spider” from d to a. It is considered to be
completed by the resistance, I, which represents the surge
impedance of the cable to the CRO. Assuming that (1) all
currents flowing in these tubes are uniformly distributed
around the central axis, (2) end effects may be neglected,
and (3) shunting capacitance from the outer tube to out-
side conductors may be neglected, differential equations
can be written giving the relations of the currents in the
tubes to the voltage difference between the tubes at any
longitudinal distance, z, from the end of the outer tube.
Using symbols defined as follows:

M;=mutual inductance per centimeter length of the inner
tube, between it and the secondary circuit. Its
value is very nearly the same as the self-inductance
of the secondary circuit if the wall thickness of
each tube is small.

7 Taken from Marks’ Handbook for Mechanical Engineers, Fourth Edi-
tion, p. 450.
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Cy=capacitance per centimeter length between the inner
and outer tubes,

ez=the potential difference between the inner and outer
tubes at the distance, z, from the end of the outer
tube,

i;=the current in the outer tube at the distance z from
the end of the outer tube.
the differential equations are
di,=jwC e dz (57)
and
de;=joM (I —1,)dz. (58)
The solution of these differential equations gives equations
for 7, and e, containing two arbitrary constants:

Cr— K1 sinh [wxx/ClMl + KQ] (59)

=1+ jKl\/ 1% cosh [wzy/Cy M, -+ K, (60)

To obtain values for the arbitrary constants K; and K,,
use relations at =0 and z=I[. At =0, ¢,=0 and from
eq 59

0=K, sinh [0+ K].

As K, cannot be zero, K,=0.
At z=l, e,=17,R, and from eq 59
f— uk
sinh wly/C; M,
Putting values of K; and K, in eq 60

-l \/E h eI
=I+j 5 Wy G0, V 31, sk wxv CiM,

I:l —JR

To get a relation between the voltage impressed on the
CRO cable (i;R) and the rate of change of the current
being measured (dI/dt), multiply eq 61 by jwM;l and take
R out of the brackets

Ml
ik | L2y z\/ ]ﬁ
¥ R M, tanh wlx/ClM JoMilI.

As Ml=M, the total mutual inductance, the above
equation becomes

at x=1

M1 tanh wlx/aﬁi] 1 (61)

llR wl\/a/ll 01 wlM .
oni af ) 6
M [tanh NN B B (62)

In this equation 7;R is the voltage impressed on the cable
going to the CRO and thus is equal to the voltage recorded
by the CRO. The value of M is constant and may be
computed from the dimensions of the mutual inductor.
The right-hand side of this equation is the rate of change
of the current, I, being measured. The quantity in the
brackets is unity for all but the higher frequencies. Thus,
for most surge work the rate of change of the current being
measured is obtained by dividing the voltage recorded at
the CRO by the constant M. In order to determine the
upper limit of frequency for which this relation holds, the
magnitude of the vector quantity in the bracket must be
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evaluated as a function of frequency. When the hyper-
bolic tangent is replaced by the first two terms in its series
expansion the magnitude of this quantity becomes:

e iy
].+w2<' 3 +2R2

As shown by eq 5 and 6 in the main part of this paper, the
produet M;C;=1.11X1072! and is the same for any pair of
coaxial tubes provided they have thin walls. [ is the
length of the secondary circuit tube in centimeters. M is
the total mutual inductance of the inductor in henries and
can be computed from its dimensions as already shown in
the main part of this paper. R is the surge impedance in
ohms of the cable connected to the potential terminals of
the inductor and going to the CRO where it is terminated
by a resistance equal to R.

For the type I concentric-tube mutual inductor con-
structed and used at this laboratory [=17.8 em and M=
0.05uh.  The surge impedance of the CRO cable, R, is 50
ohms. For these particular values, the magnitude of the
quantity in the brackets of eq 62 varies with frequency as
follows:

Frequency
c/sec.
30106 __ 1. 02
40 1. 03¢
5 1. 06
60 S 1. 084
170 - 1. 117
80.. ... - 1. 15,

For this example of a type I concentric-tube mutual
inductor, the rate of change of current as measured at the
CRO will be correct to within 10 percent for all frequencies
up to about 65 megacycles.

4. Effective Inductance of a Type II Concentric-
Tube Mutual Inductor as a Function of
Frequency

In a type II concentric-tube mutual inductor as shown
schematically in figure 12 the current, /, whose rate of

i1
I< = |e— o
T P |L -, D
| (s e"T{\ GRS d ! 't T
5T [ [iziy
T Tt
el e
e ML -7y b To GRO
l I cable
| | :
[ '
_.»dx~
B
‘‘‘‘‘ 2 e -

Fiaure 12.—Schematic drawing of a type 11 concentric tube
mutual inductor
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change is to be measured passes through the inner tube
(radius ) and returns through the outer tube (radius r3).
With this arrangement the current terminals are close
together and the self-inductance of the primary current
circuit is fixed and quite small. The secondary circuit of
this mutual inductor is the same as that of the type I
inductor. Making the same assumptions as stated in
appendix 3, differential equations can be written giving
the relations between currents in the three tubes and
voltage differences between the tubes at any longitudinal
distance, x, from the end of the middle tube (radius 7).
Using symbols defined as follows:

M;=mutual inductance per centimeter length of the
inner tube, between it and the secondary
circuit. This is the same as the self-inductance
of the secondary circuit if the wall thickness
of each tube is small,

L,=self-inductance per cm of the circuit formed by
the middle and outer tubes,

()= capacitance per ecm between the inner and
middle tubes,

C,=capacitance per e¢m between the middle and
outer tubes,

e, —the potential difference between the inner and
middle tubes at distance, z, from the end of the
middle tube,

’=the potential difference between the middle and
outer tubes at distance, x, from the end of the
middle tube,

1,=that part of the current flowing at z in the middle
tube whose return path is in the inner tube,

i.=that part of the current flowing at  in the middle
tube whose return path is in the outer tube,

Ly=self-inductance of the circuit formed by the inner
and outer tubes from a to f. The differential
equations are

diy=jwC\e dx (63)
dil=jwCyeldx (64)
de,=jo M, (I —i,)dz (65)
de,= —jowLy(I —1)d. (66)

The solutions of eq 63 and 65 are

e;= K, sinh [wzv/Ci M+ K] (67)
and

t.=14jK,; \/]C['l cosh [wr yC M+ K] (68)

The solutions of eq 64 and 66 are

e.= Kj sin [wx VL,Co+ K] (69)
" e /(,'; e .
= IA‘]I\;;\ L, ¢°8 [wy Lo Co+ K] (70)

The arbitrary constants K;, K,, K;, and K, in the above
equations can be determined by using the terminal condi-
tions at =0 and r=1.

At =0, e;=0, and 2;/=0.

0=K, sinh [0+ K],

So from eq 67
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but K, cannot be zero, therefore K,=0.

OZI—]K;;‘)% COs K4

. L, I
J (5 cos K,

Also, from eq 70 At z=l:e,=R(:;—1/) and e,’=R(@1— /') +jolo(I—1/).
So from eq 67, after putting in value of Ko,

giving _ Rl—it)

" sinh wlyC, M,

Ky=—

Also. from eq 69, after putting in value of Kj

. L

tan Ky=—t WLC+ ————
an B R H_I cos wl\/Cng

[RG—") +jwLo(I—))).

Using above values of K; and K, eq 68 at z=1 gives

RN S
Lt +JR<“—”>\/ M, tanh wlvM,C) @n
Using above values of K; and Ky eq 70 at =1 gives
., I . |G, e e .
1t=l*m—w Y f; tan wl vVLCs [R(G1—13;) +joLy (I—1)) (72)

Subtracting eq 72 from eq 71 and assuming 7, to be very small compared to [ in the joL, term, a value for R (z—: ), the

voltage across the CRO cable, is obtained

W\ IC, cos wl VT,
tanh wl \/717[0]

C, — | S
— oM \/ l% sin wl VIaCartj 3 cos ul VI,

1o \/%: sin wly/L,C,

For concentrie-tubular construction, if the wall thickness of the tubes is neglected the product of capacitance and
inductance per c¢m is a constant for any two tubes. So let \/M,Cl=\/LgCg:a:3.33>< 10~ Also let M,l=M, the total
mutual inductance, then the above equation becomes

((i—#)R =jw Ml

g fG el
—wM L, sin wal-+j R cos wal

[~ wal cos wal

tanh wal

(i—i)R =joMI

1+wl \/gz sin wal

numerator of the quantity in the brackets

By expanding the first term in the in series form and neglecting higher

order terms, the equation becomes

. I—M—wﬂ[ \/@ sin wal+jw—ﬂl cos wal
(Zi—u)R 6 L, R :
M T =jol (73)
1+ wly V L, Sin wal
This equation is similar to eq 62 of appendix 3 for a type I
mutual inductor. Thus, to determine the upper limit of Frequency
frequency for which a type II inductor can be used, the
magnitude of the vector quantity in the brackets of eq 73 ¢/sec
must be evaluated as a function of frequency. 10106 __ 0. 998
A type II mutual inductor having the following dimen- 30 . 982
sions (see fig. 12): 50 . 952
: 60 . . 932
r‘:0'5 - (I . 908
ro=1.0in. N
r3=2 in. 38 """"""""""" : gg‘;’
Ay 100- - oo . 835

distance from a to f=2.5 in.

is used as an example. By use of eq 5 and 6 in the main
part of this paper values for M; L., C,, and L, may be
computed from these dimensions. Then, assuming the
CRO cable surge impedance, R, to be 50 ohms, the mag-

For this example of a type II concentric-tube mutual
inductor the rate of change of current as measured at the
CRO will be correet to within 10 percent for all frequencies

nitude of the quantity in the bracket of eq 73 varies with
frequency as follows:
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up to 70 megacycles.
Wasuinagron, March 28, 1947.
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