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Supplementary Material
A Bounding the Probabilities of the Bad Events

A.1 Bounding bad7-switch

Let’s first fix a pair of values for the indices i and j. If j € Zenc, then the probability of the
event (S7,T7) = (S T*) comes out to be (1/N) - (1/N) due to the n-bit randomness over
each of S7 and T7. Similarly, if j € Zgec, then the probability of the event (L7, R7) = (L?,
R?) comes out to be (1/N) - (1/N) due to the n-bit randomness over each of L7 and R7. As
we can choose the pair of indices (¢, 7) in (g) ways, we use the union bound over all those

possible choices to obtain

q
Pr[badr-switch] < % . (87)

A.2 Bounding bad7-Y

Let’s first fix a pair of values for the indices ¢ and j. If j € Zenc, then the probability of each
of the events S? = S7 and L? + T* = L7 + TJ comes out to be (1/N2) due to the n- bit
randomness over S7 and T7 respectively. Similarly if j € Zgec, then the probability of each
of the events R* = R7 and L* + T? = LJ + T7 comes out to be (1/N?) due to the n- bit
randomness over R? and L7 respectively. As we can choose the pair of indices (4,7) in (q)

2
ways, we use the union bound over all those possible choices to obtain
Pr[badr-Y] < ©) (88)
T <Nz

A.3 Bounding badr-3path

Proposition 4 Having defined the bad event badr-3path in Fig. 3, we have

()

3
Pr[badr-3path] < N

To prove the proposition, let’s first fix three distinct values for the indices i, 7 and [. We’ll
study this bad event in the following four sub-cases.

— badr-3path-1: If j,1 € Tgec, then Pr[R* = R = R'] = Pr[R' = RJ]-Pr[R' = R/ =
R!YR? = RI] (as Pr[R* = R = R! R’ # R’] = 0). This probability comes out to be
(1/N?). The n-bit randomness for the first term on the RHS comes from R’ and the
same randomness for the second term on the RHS comes from R!.

— bad7-3path-2: If 5,1 € Zenc, then Pr[S* = 7 = §!] = Pr[S* = §7]-Pr[S* = §7 = S!S =
S7] (as Pr[S? = S7 = S!|S? # S7] = 0). This probability comes out to be (1/N?). The
n-bit randomness for the first term on the RHS comes from S7 and the same randomness
for the second term on the RHS comes from S!.

— bad7-3path-3: If j € Tgec and I € Tenc, then the probability of each of the events R* =
R7 = R! and S? = S7 = S comes out to be (1/N). The n-bit randomness comes from
R7 and S! respectively.

— badr-3path-4: If j € Zenc and | € Tyec, then the probability of each of the events R! =
RI = R! and S* = S7 = S! comes out to be (1/N). The n-bit randomness comes from
R! and S7 respectively.
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As we can choose the 3-tuple of indices (i, 7,1) in (g) ways, we use the union bound over all
those possible choices to obtain

q
Pr[bad7-3path] < % (89)

A .4 Bounding badr-3coll

Once we fix three distinct values for the indices 4, j and I, the analysis of this bad event
exactly corresponds to the first two sub-cases of the previous bad event(e.g., bad7-3path).
As we can choose the 3-tuple of indices (3, j,1) in (g) ways, we use the union bound over all
those possible choices to obtain

Pr[bad7-3coll] < % . (90)

A.5 Bounding badK-outer
Proposition 5 Having defined the bad event badK-outer in Fig. 4, we have

qq195 + (@1 + gs)

Pr[badK-outer] <
N2

To prove this proposition, we note that this bad event occurs when one of the following
happens. Note that the event Zrg N Zgs # 0 is an impossible event as Zrr C Zgec and
Zss C Zenc from definition.

— badK-outer-1 Zr N Zg # (. This bad event occurs when for some i € [g], j € [g1] and
1€[gs), R**+ K1 = U{ and St 4+ K5 = Ué. Let’s first fix the values for the indices %, j
and I. Then the probability of each of the events R + K1 = Uf and S'+ K5 = Ué comes
out to be (1/N). The n-bit randomness comes from the keys K; and Ks respectively.
As we can choose the indices 4, j and [ in ¢, q1 and g5 ways respectively, we use the
union bound over all those possible choices to obtain

499195
N2

Pr[Zr NZs # 0] < (91)
— badK-outer-2 Zpr NZrpr # 0. This bad event occurs when for some i € Zyec, 7 € [q1] and
lei—1, RR+ K = U{ and R = R!. Let’s first fix the values for the indices %, j
and . The probability of the event R! + K; = Uf comes out to be (1/N). The n-bit
randomness comes from the key K1. The probability of the event R = R' also comes
out to be (1/N). The n-bit randomness comes from R* as ¢ > [ and ¢ € Zyec. As we can
choose the pair of indices (¢,1) in (q) ways and the index j in g1 ways, we use the union

2
bound over all those possible choices to obtain

a1(3)
N2

PrZr NZgr #0] < (92)
— badK-outer-3 Zg NZgs # (Z) This bad event occurs when for some i € Zenc, j € [g5] and
lefi—1], 8"+ K5 = Ul and S° = S'. Let’s first fix the values for the indices 4, j
and [. The probability of the event S¢ + K5 = UZ comes out to be (1/N). The n-bit
randomness comes from the key Ks5. The probability of the event S* = S! also comes
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out to be (1/N). The n-bit randomness comes from S* as i > I and i € Tenc. As we can
choose the pair of indices (7,1) in (g) ways and the index j in g5 ways, we use the union
bound over all those possible choices to obtain

45 (3)

PrZs NZss # 0] < 2

(93)
badK-outer-4 ZTp NZgs # (Z) This bad event occurs when for some i € Zenc, 7 € [q1] and
lefi—1], R+ K; = U] and S* = S'. Let’s first fix the values for the indices 4, j
and . The probability of the event R? + K1 = U] comes out to be (1/N). The n-bit
randomness comes from the key Ki. The probability of the event S% = S' also comes
out to be (1/N). The n-bit randomness comes from S* as ¢ > | and ¢ € Zenc. As we can
choose the pair of indices (7,1) in (g) ways and the index j in q; ways, we use the union
bound over all those possible choices to obtain

a(3)

Pr[Zs NZss # 0] < Nz

(94)

badK-outer-5 Zg N Zrgr # 0. This bad event occurs when for some i € Zyec, j € [g5] and
leli—1], S*+ K5 = Ug and R’ = R!. Let’s first fix the values for the indices i, j
and I. The probability of the event S? + K5 = Ug comes out to be (1/N). The n-bit
randomness comes from the key K5. The probability of the event R* = R! also comes
out to be (1/N). The n-bit randomness comes from R* as i > [ and © € Zgec. As we can
choose the pair of indices (7,1) in (g) ways and the index j in g5 ways, we use the union
bound over all those possible choices to obtain

a5 (3)
Pr[Zp NIrr # 0] < N§ . (95)
Adding the probabilities of all these sub-cases, we obtain
2
PrlbadK-outer] < 42195 T4 (41 35) (96)

N2

A.6 Bounding badK-source

Proposition 6 Having defined the bad event badK-source in Fig. 4, we have

(a1+a9)(9) +2()

Pr[badK-source] <
N2

This bad event occurs when one of the following happens.

— badK-sourcel. 3i € Zg, j € Zrr,4 < j and R* = R7. In other words, 3i € [g] and

J € Tdec With ¢ < j and I € [gs] such that S® + K5 = Ul and R* = R7. Let’s first fix the
values for the indices ¢, j and I. The probability of each of the events S+ Kg = Ufl) and
R* = RJ comes out to be (1/N). The n-bit randomness comes from the key K5 and R;
respectively. As we can choose the pair of indices (4, j) in (q) ways and the index [ in g5

2
ways, we use the union bound over all those possible choices to obtain

q
Pr[badK-sourcel] < M (97)
N2
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— badK-source2. 3i € Zgs,j € Zrr,i < j and R* = R7. In other words, 3l € [g],4 € Zenc
and j € Tyee with k < i < j such that R* = R and S* = Sk, Let’s first fix the values
for the indices 4, j and I. The probability of each of the events R* = R/ and S* = S*
comes out to be (1/N). The n-bit randomness comes from R; and S; respectively. As
we can choose the 3-tuple of indices (i, j,1) in (g) ways, we use the union bound over all
those possible choices to obtain

q

Pr[badK-source2] < % (98)

— badK-source3. 3i € IR, j € Zss,i < j and S* = S7. In other words, 3i € [¢] and j € Tenc
with i < j and I € [g1] such that R* + K1 = Ul and S* = S7. Let’s first fix the values
for the indices i, j and I. The probability of each of the events R* + K; = U{ and
S* = 587 comes out to be (1/N). The n-bit randomness comes from the key K1 and S;
respectively. As we can choose the pair of indices (4, ) in (‘21) ways and the index [ in q1
ways, we use the union bound over all those possible choices to obtain

a(3)

Pr[badK-source3] <
N2

(99)

— badK-source4. 3i € Trr,j € Iss,i < j and S* = SJ. In other words, 31 € [q],i € Tgec
and j € Tenc with k < @ < j such that S* = S7 and R* = RF. Let’s first fix the values
for the indices 4, j and I. The probability of each of the events S* = S7 and R* = RF
comes out to be (1/N). The n-bit randomness comes from S; and R; respectively. As
we can choose the 3-tuple of indices (i, j,1) in (g) ways, we use the union bound over all
those possible choices to obtain

q
Pr[badK-sourced] < % (100)

Adding the probabilities of all these sub-cases, we obtain

(0 +a)(3) +2()

Pr[badK-source] <
N2

(101)

A.7 Bounding badu-in&out

Proposition 7 Having defined the bad event badyu-in&out in Fig. 7, we have

Bq1+3qs+a2+a3+as)  5¢% | qqi(gs +aqa+g5)

Pr[badu-in&out] < Nz 4 ~z 4 N
L9 tata) | 20000 | 2000 tas) | 20
N2 N3 N3 N2’

This bad event occurs when (ZrUZsUZrrUZss) N(Zx UIxx ULy ULy UTZzULzz) # 0.
Note that, by definition Zr, N Zxx = 0 and Zg N Zzz = . We individually bound each of
the bad events as follows:
— badp-in&out-1. Zr N Zx # (. This bad event occurs when 3i € [g],j € [q1] and | € [g5]
such that R* + K1 = Uf and X' + Ky = Ué. Let’s first fix the values for the indices ¢,
j and . The probability of each of the events R’ 4+ K; = Ui and X+ Ko = Ué comes
out to be (1/N) due to the n-bit randomness over the keys K1 and Ko respectively. As
we can choose the indices 4,j and [ in q,q1 and g5 ways respectively, we use the union
bound over all those possible choices to obtain

99195

Prbadp-in&out-1] < e

(102)
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badp-in&out-2. Zrr N Ix # 0. This bad event occurs when 3i € Zyec,j € [ — 1] and
l € [g2] such that R = RJ and X'+ Ky = Ué. Let’s first fix the values for the indices 1,
j and 1. The probability of each of the events R* = RJ and X7 4+ Ko = Ué comes out to
be (1/N) due to the n-bit randomness over R? and K> respectively. As we can choose
the pair of indices (i, ) in (g) ways and the index [ in g2 ways, we use the union bound
over all those possible choices to obtain

a2(3)
N2

bady-in&out-3. Zrr N Ix x # (. This bad event occurs when 3i € Zyec, j € [i — 1], and
I € [q] with i # I such that R* = R/ and X* = X!, which we equivalently write as

Pr[badp-in&out-2] < (103)

R =RI R +R =L+ L.

We analyze this event into two separate subcases: (a) when | = j and if j is a decryption
query, then, the above event boils down to the event R* = RJ, L* = L7, which triggers
the bad event bad7-switch. Therefore, we analyse the case (b) when | # j. In this case,
we use the randomness of R’ and R! to bound the above event to at most (2/N2) As
we can choose the pair of indices {7,j} in (g) ways and for each of those choices, we
can choose the index [ in (¢ — 1) ways, we use the union bound over all those possible
choices to obtain

3
. q
Pr[bad-in&out-3] < N (104)

badj-in&out-4. Zr N Iy # 0. This bad event occurs when 3i € [q],j € [q1] and k € [g3]
such that R* + K; = U{ and Y? + K3 = V3k, which we equivalently write as

R4 Ki=Ul, R+ L'+ 8 +T" + K3 = V.

For a fixed choice of indices, the probability of the event is at most 1/N? due to the
n-bit randomness over K; and K3. We can choose the triplet of indices (3,7, k) is at
most gq1q3 ways, we use the union bound over all those possible choices to obtain
. 99193
Pr[badp-in&out-4] < N2 (105)
badyu-in&out-5. Zr N Zyy # 0. This bad event occurs when 3i € [g],j € [q] and k € [q1]

such that R* + K1 = Uf and Yi = f’j, which we equivalently write as
R+ K =UNR+5+ R +5 =L+ L7+ T +79.

For a fixed choice of indices, the probability of the event is at most 2/N? due to the
n-bit randomness over K; and the n-bit randomness over §¢ (note that i ¢ Tg and
i ¢ Iss). As we can choose the pair of indices {i,7} in (£) ways and for each of those
choices, we can choose the index k in g1 ways, we use the union bound over all those
possible choices to obtain

P q
N2
badu-in&out-6. Zr NIz # 0. This bad event occurs when Ji € [g],j € [q1] and k € [q4]
such that R* + K; = Uf and Z' + K4 = Uf, which we equivalently write as

Pr[badp-in&out-5] <

(106)

R+ K1 =Ul,§ +T" + K4 = U}.

For a fixed choice of indices, the probability of the event is at most 1/N? due to the
n-bit randomness over K1 and K4. However, the total number of choices of the indices
is at most qq1q4, we use the union bound over all those possible choices to obtain

49194
N2

Pr[badp-in&out-6] < (107)
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— badu-in&out-7. Tr N Zzz # 0. This bad event occurs when Ji € [q],j € [q] and k € [q1]
such that R* 4+ K; = Uf and Z' = Z7, which we equivalently write as

R+ K =UFS 4+T =57 +7;.

For a fixed choice of indices, the probablhty of the event is at most 2/N? due to the n-bit
randomness over K1 and S (note that Si is freshly sampled as i ¢ Zg and @ ¢ Zgg).
However, the total number of choices of the indices is at most ( )ql, we use the union
bound over all those possible choices to obtain

Pr[badp-in&out-7] < qul (108)

— badu-in&out-8. Zg N Zx # 0. Analysis of this case is similar to that of badu-in&out-1.,
where we use the randomness of K5 and K. Looking ahead, we bound the probability
to be at most

. 949245
Prlbadp-in&out-8] < N (109)
— badp-in&out-9. Tg N Ixx # 0. Analysis of this case is again similar to that of bads-
in&out-7., where we use the randomness of K5 and Ri. Looking ahead, we bound the
probablhty to be at most

qu5

Pr[badp-in&out-9] < NZ

(110)

— badp-in&out-10. Zg N Iy # 0. Analysis of this case is again similar to that of badsu-
in&out-4., where we use the randomness of K5 and K3. Looking ahead, we bound the
probability to be at most

Pr[badp-in&out-10] < (111)

949395
> -
— badp-in&out-11. Ts NIy # (. Analysis of this case is again similar to that of badu-

in&out-5., where we use the randomness of K5 and R Looking ahead, we bound the
probability to be at most

q
N2 °

Pr[badpu-in&out-11] < (112)

— badp-in&out-12. Zg N Zz # 0. Analysis of this case is again similar to that of badu-
in&out-6., where we use the randomness of K5 and K4. Looking ahead, we bound the
probability to be at most

Pr[badpu-in&out-12] < q?\‘;qs .

(113)

— badp-in&out-13. Zrr N Zy # 0. This bad event occurs when 3i € Zgec,j € [ — 1] and
k € [g3] such that R? = R7 and Vit Ky = V§, which we equivalently write as
R =R R+ L+ 8 +T" + K3 =V{.

For a fixed choice of indices, the probability of the event is at most 1 /N? due to the
n-bit randomness over R* and K3. We can choose the triplet of indices (i, 7, k) is at most
(g) g3 ways, we use the union bound over all those possible choices to obtain

2
Pr[badp-in&out-13] < 4 .
2N2

(114)
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— badp-in&out-14. Tpp N Iy o # 0. This bad event occurs when 3i € Zyec,j € [i — 1] and

k € [q] such that Ri=RJ and Vi = ?k, which we equivalently write as
Ri=RIR+5 +R+5=1"+LF + T+ TF.

Now, we consider two separate subcases: (i) if kK = j and it is a decryption query, then
the above event boils down to R? = RJ,L* + L7 = T? + T7 (assuming in both of the
decryption queries S values are same). Then, using the randomness of R’ and L?, we
bound the above probability to be at most 1/N2. Moreover, the number of choices for
(4,7) to be at most (g) Therefore, by using the union bound, the probability of the
above event is at most ¢?/2N?2.

Now, we consider the other case when k # j. In this case, we use the randomness of R
and R’ to bound the above event to at most 2/N2. The number of choices for triplets
(i, 4, k) is ¢3. Therefore, by using the union bound, the probability of the above event is
at most ¢3/N2.

Combining the above two cases, we obtain

q° 7

oNz T NE
bady-in&out-15. Tpr NIz # 0. This bad event occurs when 3i € Zyec,j € [t — 1] and
k € [g4] such that R* = R? and Z* + K4 = Uf, which we equivalently write as

Pr[badp-in&out-14] <

(115)

R =R, § +T + Ky = U}
For a fixed choice of indices, the probability of the event is at most 1/N? due to the
n-bit randomness over R* and K4. However, the total number of choices of the indices
is at most (g) g4, we use the union bound over all those possible choices to obtain

2
Pr[badp-in&out-15] < T i
2N?2

. (116)

badu-in&out-16. Trr NZzz # (B._This bad event occurs when 3i € Zyee,j € [¢ — 1] and
k € [g] such that R* = R7 and Z' = Z*, which we equivalently write as

Ri=RI S 47" = 8F 4 TF.

For a fixed choice of indices, the probability of the event is at most 2/N? due to the n-bit
randomness over B! and S (note that S¢ is freshly sampled as S # $7 and i ¢ Tg).
However, the total number of choices of the indices is at most (g)q, we use the union
bound over all those possible choices to obtain

3
Pr[badyu-in&out-16] < g
2N?2
badp-in&out-17. Zgs N Zx # 0. Analysis of this bad event is similar to that of badu-
in&out-12, where we use the randomness of S* and K3. Looking ahead, we bound the

probability of the event to at most

(117)

4 (3)

N2
badu-in&out-18. Tgs NIx x # 0. This bad event occurs when 3i € Zenc, j € [i — 1], and
I € [q] with i # I such that S* = SJ and X* = X!, which we equivalently write as

Pr[badp-in&out-17] < (118)

St=8I R'+ R =L+ L'

We use the randomness of S? and R to bound the above event to at most (2/N?) As
we can choose the pair of indices {7,j} in (g) ways and for each of those choices, we
can choose the index I in (¢ — 1) ways, we use the union bound over all those possible

choices to obtain

3
Pr[badp-in&out-18] < % (119)
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— badp-in&out-19. Zgs N Zy # 0. Analysis of this bad event is similar to that of bady-
in&out-13, where we use the randomness of S and K3. Looking ahead, we bound the
probability of the event to at most

q
2N2
— badp-in&out-20. Tss NIy # (. Analysis of this bad event is similar to that of badu-

in&out-16, where we use the randomness of S* instead of R, wherever applicable. Look-
ing ahead, we bound the probability of the above event to at most

Pr[badp-in&out-19] < (120)

e 3
. q
Pr[badu-in& t—20<— —. 121
r[badp-in&out-20] ON + N2 (121)
— badp-in&out-21. Zgs NZz # 0. Analysis of this bad event is similar to that of badyu-
in&out-15, where we use the randomness of S* and K4. Looking ahead, we bound the

above event to at most
’q
2N2

— badpu-in&out-22. Zgs NZzz # (. Again, the analysis of this bad event is similar to that
of badu-in&out-3, where we use the randomness of S*, wherever applicable. Looking
ahead, we bound the above probability to be at most

Pr[badp-in&out-21] < (122)

3
. q
Pr[badu-in&out-22] < —— . 123
r[badp-in&out-22] < e (123)
By combining Eqn. (102)-Eqn. (123), we obtain
2(2 2
Pribady-ingout] < (2q1 +2g5 + g2 + g3 + q4) N L N qq1(q3 + q4 + q5)
N2 N2
q95(g2 + g3 +q1) | 2¢°

A.8 Bounding bady-source

Proposition 8 Having defined the bad event bady-source in Fig. 7, we have

2(2 +
Pr[badu-source] < M
N2
To prove the proposition, we first fix the values for the indices 7, j and .

— badpu-source-1. 4, j € [q] with i # j and I € [g1] such that R+ K; = U! and R4+ R =
L’ + L7. The probability of the event R’ + K1 = Ul comes out to be (l/N) due to the
randomness over the key K. The probability of the event Ri+ R = L+ L comes out
to be at most (2/N) due to the randomness over R .

— badpu-source-2. 4, j € [g] with i # j and [ € [g5] such that S* + K5 = Ul and Si4 8=
T% + T7. The probability of the event S + K5 = UL comes out to be (l/N) due to the
randomness over the key K. The probability of the event Si 487 =T+ T9 comes out
to be at most (2/N) due to the randomness over S7.

As we can choose the pair of indices (z,7) in 2(3) ways and the index [ in ¢; or g5 ways
(for badp-source-1 and badu-source-2 respectively), we use the union bound over all those
possible choices to obtain

2(H(a +a5)

Pr[badp-source] < N2

(125)
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A.9 Bounding badyu-inner

Proposition 9 Having defined the bad event badu-inner in Fig. 7, we have

9(9203 + 9394 + 0194) | 3¢*(g2 + g3 +qa) | 3¢°

N2 N2 N2°

Pr[badp-inner] <

This bad event occurs when one of the following happens.

— badp-inner-1. Tx N Zy # 0. This bad event occurs when 3i € [g], j € [ge] and I € [g3]
such that X + Ko = UJ and Y + K3 = Vl Let’s first fix the values for the indices ¢,
j and I. The probability of each of the events X? 4+ Ko = U] and ¥l = Vl comes out
to be (1/N) due to the randomness over the keys Ko and K3 respectlvely As we can
choose the indices ,j and [ in g, g2 and g3 ways respectively, we use the union bound
over all those possible choices to obtain

492493
N2

Pr[badp-inner-1] < (126)

— badp-inner-2. To NIz # 0. This bad event occurs when 3i € [q], j € [g3] and | € [g4]
such that Y + K3 = V?f and Z' + K4 = Ué. Let’s first fix the values for the indices i, j
and [. The probability of each of the events Yit Ks = V3] and Z' + Ky = Ué comes out
to be (1/N) due to the randomness over the keys K3 and K4 respectively. As we can
choose the indices i,j and [ in ¢, q3 and g4 ways respectively, we use the union bound
over all those possible choices to obtain

Pr[badpu-inner-2] < ——— (127)

99344

N2

— badp-inner-3. Zz N Ix # 0. This bad event occurs when Ji € [g], j € [g4] and I € [q1]
such that Z? 4+ K4 = UZ and X'+ K] = U{. Let’s first fix the values for the indices ¢, j
and [. The probability of each of the events Z* + K4 = Ui and X'+ K; = U{ comes out
to be (1/N) due to the randomness over the keys K4 and K respectively. As we can
choose the indices i,j and [ in q,q4 and g1 ways respectively, we use the union bound
over all those possible choices to obtain

949441

Pr[badp-inner-3] < N2

(128)

— badp-inner-4. Ty N Zxx # (. This bad event occurs when 3i,j5 € [¢] with ¢ # j and
l € [g2] such that X? + Ko = Ué and X = XJ. Let’s first fix the values for the indices
i, j and . The probability of the event X° + Ky = Ul comes out to be (1/N) due to the
randomness over the key Ko. The probability of the event X* = X7 comes out to be at
most (2/N) due to the n-bit randomness over X* or XJ. As we can choose the pair of
indices (%,j) in Z(g) and [ in g2 ways, we use the union bound over all those possible
choices to obtain

22(3)

Pr[badp-inner-4] < N2

(129)
— badp-inner-5. Zx N Zpo # 0. This bad event occurs when 34,5 € [q] with ¢ # j and
! € [g2] such that X* + Ky = U} and Y = ¥J. Let’s first fix the values for the indices i,
j and . The probability of the event X? + Ko = Ul comes out to be (1/N) due to the
randomness over the key K2. The probability of the event Y% = Y7 comes out to be at
most (2/N) due to the n-bit randomness over Yi or ¥9. As we can choose the pair of

indices (4,7) in 2( ) and [ in g2 ways, we use the union bound over all those possible
choices to obtain

202(3)

Pr[badp-inner-5] < NZ

(130)
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— badp-inner-6. Zx NZzz # (0. This bad event occurs when 3i,j € [¢] with ¢ # j and
l € [g2] such that X4 Koy = Ué and Z' = ZJ. Let’s first fix the values for the indices i,
j and I. The probability of the event X* + Ko = U, comes out to be (1/N) due to the
randomness over the key Ko. The probability of the event Z* = ZJ comes out to be at
most (2/N) due to the n-bit randomness over Z? or Z7. As we can choose the pair of
indices (%, ) in 2(%) and [ in g2 ways, we use the union bound over all those possible
choices to obtain

202(3)

Pr[badp-inner-6] < N2

(131)

— badp-inner-7. o N Ix x # 0. This bad event occurs when 3,5 € [q] with ¢ # j and
I € [g3] such that ¥ + K3 = UL and X* = X7. Let’s first fix the values for the indices
i, j and l. The probability of the event ¥ + K3 = UL comes out to be (1/N) due to the
randomness over the key K3. The probability of the event X* = X7 comes out to be at
most (2/N) due to the n-bit randomness over X* or X7. As we can choose the pair of
indices (4,7) in 2(3) and [ in g3 ways, we use the union bound over all those possible
choices to obtain

2 q
Pr[badp-inner-7] < q;i(;) (132)
— badp-inner-8. Zp N Zgo # 0. This bad event occurs when Ji,j € [q] with ¢ # j and
l € [g3] such that YiqKs = Ul and Yi= Y7, Let’s first fix the values for the indices i,
j and . The probability of the event Y + K3 = U} comes out to be (1/N) due to the

randomness over the key K3. The probability of the event Y% =Y comes out to be at
most (2/N) due to the n-bit randomness over Y* or Y7. As we can choose the pair of
indices (4,7) in 2(3) and ! in g3 ways, we use the union bound over all those possible
choices to obtain

243 (3)
N2

Pr[badp-inner-8] < (133)

— badp-inner-9. Zp, N Zzz # 0. This bad event occurs when 3,5 € [q] with i # j and
I € [g3] such that Y 4+ K3 = Ul and Z' = ZJ. Let’s first fix the values for the indices i,
j and . The probability of the event Y + K3 = U} comes out to be (1/N) due to the
randomness over the key K3. The probability of the event Z* = Z7 comes out to be at
most (2/N) due to the n-bit randomness over Z* or Z7. As we can choose the pair of
indices (%,7) in 2(3) and [ in g3 ways, we use the union bound over all those possible
choices to obtain

203(3)

Pr[badp-inner-9] < N2

(134)

— badp-inner-10. Zy N Zx x # 0. This bad event occurs when 3i,j € [g] with i # j and
I € [qa] such that Z? + K4 = Ui and X% = XJ. Let’s first fix the values for the indices
i, j and l. The probability of the event Z% + K4 = U} comes out to be (1/N) due to the
randomness over the key K4. The probability of the event X* = X7 comes out to be at
most (2/N) due to the n-bit randomness over X* or X7. As we can choose the pair of
indices (%,7) in 2(3) and [ in g4 ways, we use the union bound over all those possible
choices to obtain

Pr[badp-inner-10] < (135)

2a4(3)
N2
— badp-inner-11. Tz N Zy o # 0. This bad event occurs when 3i,j € [g] with 4 # j and

l € [q4] such that Zi+ K4 = U}l and Y? = Y7, Let’s first fix the values for the indices 7,
j and I. The probability of the event Z? + K4 = U} comes out to be (1/N) due to the
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randomness over the key K4. The probability of the event Yi = Y7 comes out to be at
most (2/N) due to the n-bit randomness over Y* or Y7. As we can choose the pair of
indices (%,7) in 2(3) and [ in g4 ways, we use the union bound over all those possible
choices to obtain

2 q
Pr[badpu-inner-11] < q;i(;)' (136)

badu-inner-12. Ty N Zzz # 0. This bad event occurs when 3i,5 € [g] with ¢ # j and
! € [g4] such that Z* + K4 = U} and Z? = Z7. Let’s first fix the values for the indices i,
j and . The probability of the event Z* + K4 = U} comes out to be (1/N) due to the
randomness over the key K. The probability of the event Z* = Z7 comes out to be at
most (2/N) due to the n-bit randomness over Z* or Z7. As we can choose the pair of
indices (%,7) in 2(‘21) and [ in g4 ways, we use the union bound over all those possible
choices to obtain

204(3)

Pr[badp-inner-12] < e (137)

badpu-inner-13. Zx x N Zy o # 0. This bad event occurs when 34, 5,1 € [g] with i # j and

i # 1 such that X* = XJ and ¥i = V. Let’s first fix the values for the indices i, j and
l. The probability of each of the events comes out to be at most (2/N) due to the n-bit
randomness of X¢ or X7 and Y or YJ. As we can choose the index i in q ways and for
each of those choices, we can choose each of the indices j and [ in (¢ — 1) ways, we use
the union bound over all those possible choices to obtain

g —1)%

Pr[badp-inner-13] < e

(138)

badu-inner-14. Zoo NZz 7 # 0. This bad event occurs when 34, 5,1 € [g] with i # j and

i # [ such that Yi =YJ and Z° = Z'. Let’s first fix the values for the indices i, j and
l. The probability of each of the events comes out to be at most (2/N) due to the n-bit
randomness of Y% or V7 and Z% or ZJ. As we can choose the index ¢ in q ways and for
each of those choices, we can choose each of the indices j and [ in (¢ — 1) ways, we use
the union bound over all those possible choices to obtain

g —1)%

Pr[badp-inner-14] < e

(139)

bady-inner-15. Tz z N Zx x # (. This bad event occurs when i, j,1 € [g] with ¢ # j and
i # I such that Z* = Z7 and X* = X!, Let’s first fix the values for the indices i, j and
l. The probability of each of the events comes out to be at most (2/N) due to the n-bit
randomness of Z% or ZJ and X* or X7. As we can choose the index i in g ways and for
each of those choices, we can choose each of the indices j and I in (¢ — 1) ways, we use
the union bound over all those possible choices to obtain

. (g —1)°
Pr[badp-inner-15] < N (140)
By combining Eqn. (126)-Eqn. (140), we have
2 3
Pribady-inner] < q(g293 + 394 + q194) 434 (g2 +q3+4q4)  3¢° (141)

N2 N2 N2°
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A.10 Bounding badu-3coll

Proposition 10 Having defined the bad event badu-3coll in Fig. 7, we have
4 q
Pr[badpu-3coll] < @
N2

To prove the proposition, we first fix the values for the indices ¢, j and .

— badu-3coll-1. 4,5, € [q] with i < j < [ such that X? = X7 = Xt We can write
PriX? = X7 = X'] = Pr[X* = XI]- Pr[X' = X9 = X!X' = X7] (as Pr[X* = XJ =
XXt # X7] = 0). Each term on the RHS can be at most (2/N) due to the randomness
over X7 and X! respectively.

— badp-3coll-2. 4,j,1 € [q] with ¢ < j < [ such that Yi = V9 = ¥, We can write
PriY! =Y/ =Y =Pr[Y = Y9 - Pr[Y =Y =Y Y? = YI] (as Pr[Y? = Y7 =
Y!|Y? # Y7] = 0). Each term on the RHS can be at most (2/N) due to the randomness
over Y7 and Y respectively.

— bady-3coll-3. i,j,1 € [q] with i < j < I such that Z* = Z7 = Z'. We can write Pr[Z’ =
23 =2 =Pr[Z' = Z9] - Pr[Z = 29 = ZY1Z' = Z9] (as Pr[Z" = Z7 = Z'|Z° # Z7] =
0). Each term on the RHS can be at most (2/N) due to the randomness over Z’ and
Z! respectively.

As we can choose the 3-tuple of indices (¢, 7,1) in (g) ways, we use the union bound over all
those possible choices to obtain
Pr[badpu-3col] < ﬁ (142)
/ SN

A.11 Bounding bad-size

Proposition 11 Having defined the bad event badu-size in Fig. 7, we have

a'/%(q2 + g3 +q1) | 2¢%/2

Pr[badp-size] <
r[badu-size] < N N

We say that the bad event bady-size happens if one of the following event happens.
— badp-size-prim This event holds if either of the following three events hold:
— badp-size-Tx: This event holds if [Zx| > ¢'/2.
— badp-size-Zy: This event holds if |[Zg| > q'/2.
— badp-size-Ty: This event holds if [Z| > ¢/2.
— badp-size-coll This event holds if either of the following three events hold:
— bady-size-Zx x: This event holds if |Zx x| > ¢'/2.
— badp-size-Zy 1 This event holds if [Zgo| > q'/2.

— badp-size-Ty z: This event holds if |Zzz| > ¢'/2.

A.11.1 Bounding bady-size-prim

To bound this event, we bound each of the following events: badji-size-Zx, bady-size-Zg, and
bady-size-Z5. We begin with bounding the size of |Zx|. Let for each ¢ € [g], I; be an indicator
random variable that takes the value 1 if there exists an j € [g2] such that X® + Ky = Uj.
Note that, the probability of this event holds is at most g2/N using the randomness of key
Ko, i.e., for a fixed i € [q],

Pr[l; = 1] < qNQ.
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Therefore, by the linearity of expectations and by applying Markov’s inequality, we have

1/2 3/2
PrHZX‘ > q1/2] < % ~ qT, (provided, q2 =~ q),
In a similar way, we can show that
1/2 1/2
PriiTy| > ¢/ < T8, Pr{izy] > ¢t/ < T

By combining the above three cases, we have

a*/2(q2 + g3 + q4)

Pr[bad-size-prim] <
r[badp-size-prim] < N

(143)

A.11.2 Bounding badyu-size-coll

To bound this event, we bound each of the following events: bady-size-Tx x, bady-size-Z o,
and badp-size-Zz . We begin with bounding the size of [Zx x|. Let for each i € [q], I; be
an indicator random variable that takes the value 1 if there exists an j € [q] with j # ¢
such that X* = X7. Note that, the probability of this event holds is at most ¢/N using the
randomness of key R’ (as i ¢ Zg), i.e., for a fixed i € [q],
q
Pr[l; =1] < N
Therefore, by the linearity of expectations and by applying Markov’s inequality, we have
3/2
q
Pr|Zxx| > ¢/ < ——.
[Zxx|>q /] < I
In a similar way, we can show that
3/2 3/2
q 1/2 q
Pr|Zoo| > ¢?) < *—, Pr[|Tzz|> < i |
H Yy‘ q ]_ IN H ZZ| q ]_ IN
By combining the above three cases, we have

2q3/2

Pr[badp-size-coll] < (144)

Finally, by combining Eqn. (143) and Eqn. (144), we have

(g2 +q3 +q1) | 2¢%/2

Pr[badp-size] <
r[badp-size] < N i

A.12 Bounding badA-prim

Proposition 12 Having defined the bad event bad\-prim in Fig. 8, we have

qq2(q1 + q3 +qa + g5) n qq3(q1 + q2 +qa + g5)

Pr[bad\-prim] <

N2 N2
+qq4(q1 +q2+g3+gs) n 7¢%(q2 + g3 + q4)
N2 N2 '

We say that the bad event badA-prim happens if one of the following event happens.
— badA-prim 1. 3i € (Zx UT.x)® and j € [ga] such that X + ko = VQJ
— badA-prim 2. i € (Zyp U Tux)€ and j € [g3] such that Y + k3 = V5.
— badA-prim 3. 3i € (Zz UZwx) and j € [ga] such that Z% + ks = V.

In the following subsections, we bound the above events.
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A.12.1 Bounding bad\-prim 1

To bound this event, we further split it into various sub-cases and bound their individual
probabilities as follows: ~ )

— badA-prim la. 3i € Zg and j € [g2] such that X? + K2 = V3. In other words, 3i € [q],
j € [g2] and I € [g1] such that R* + Ky = Ul and X+ Ky = V3. Let’s first fix the
values for the indices 4, j and [. The probability of each of the events R + K; = Ul and
Xi + Ko = VJ comes out to be 1/N2 each due to the randomness of the keys K7 and
Ko respectlvely As we can choose the index 4,5 and [ in ¢, g2 and q; ways respectively,
we use the union bound over all those possible choices to obtain

Pr[bad-prim 1a] < (1;1\}732 (145)

— badA-prim 1b. 3i € Zg and j € [g2] such that Xi4 Ky = V3. Analysis of this bad event

is similar to that of badA-prim la, where we use the randomness of K5 and Kg. Looking
ahead, we bound the probability of the event to at most

99295
N2
— badA-prim lc. 3i € Zrg and j € [ga] such that X + Ky = V2j. Analysis of this bad event

is similar to that of bad\-prim la, where we use the randomness of R* and K». Looking
ahead, we bound the probability of the event to at most

Pr[badA-prim 1b] < (146)

. q q2
Pr[badA- 1 < — . 147
r[badA-prim 1¢] e (147)
— badA-prim 1d. 3i € Tgs and j € [g2] such that X4 Ky = VQj. Again, analysis of this
bad event is similar to that of badA-prim 1c¢, where we use the randomness of S* and
Kao. Looking ahead, we bound the probability of the event to at most

q q2

2N2

— badA-prim le. 3i € Iy and j € [g2] such that X4 Ky = VQj. In other words, 3 € [q],
j € [g2] and I € [g3] such that Y+ K3 = Vi and Xi+ Ky = Vj Let’s first fix the
values for the indices i, j and [. The probability of each of the events Vi4 K3 = Vl

and X' + Ko = V] comes out to be 1/N? due to the randomness of the keys Ko and
K3. As we can choose the index ¢,j and [ in g, g2 and g3 ways , we use the union bound
over all those possible choices to obtain

Pr[badA-prim 1d] < (148)

99293
N2
— bad\-prim 1f. 3i € Zz and j € [g2] such that Xi4 Ky = V2j. Analysis of this bad event
is similar to that of bad\-prim le, where we use the randomness of K4 and Ks. Looking
ahead, we bound the probability of the above event to at most

99294
N2

Pr[bad-prim le] < (149)

Pr[badA-prim 1f] < —=—~— (150)

— badA-prim 1g. 3i € Txx and j € [g2] such that X4 Ky = VJ In other words, 3 € [q],
j € [gq2] and I € [g] such that i # [ and X? = X!, X+ Ky = VQJ7 which we equivalently
write as R ) N )

R+R =L+ X'+ Ky =Vj.
For a fixed choice of indices, we use the randomness of R and K> to bound the prob-
ability of the event to at most 2/N2. As we can choose the index 4,5 and [ in gq,q2
and (g — 1) ways respectively, we use the union bound over all those possible choices to
obtain

2¢%q2

Pr[badA-prim 1g] < N2

(151)
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— badA-prim 1h. 3i € Iy and j € [g2] such that Xi4 Ky = sz. In other words, i € [q],

j € [g2] and [ € [¢] such that i # [ and yi= ?l,)?i + Ko = sz, which we equivalently
write as

R4R+5+8 =L'+T + L'+ T, X'+ K2 = V.

For a fixed choice of indices, we use the randomness of R and K> to bound the prob-
ability of the event to at most 2/N2. As we can choose the index 4,5 and [ in g, g2
and (¢ — 1) ways respectively, we use the union bound over all those possible choices to
obtain

2¢%q2
N2

Pr[badA-prim 1h] < (152)

badA-prim 1i. 3i € Zzz and j € [g2] such that Xi 4 kg = V3. In other words, 3i € [q],
j €[q2] and I € [g] such that i # [ and Z° = Z!, X' + Ky = VQj7 which we equivalently
write as . )

S48 =T +T X'+ Ko =Vj.

For a fixed choice of indices, we use the randomness of S and Ko to bound the prob-
ability of the event to at most 2/N2. As we can choose the index 4,5 and [ in g, g2
and (¢ — 1) ways respectively, we use the union bound over all those possible choices to
obtain

o 2¢%q
Pr[badA-prim 1] < N2 (153)
Adding all the above nine cases, we obtain
7
P%wXMm”Swﬂm+%+M+%+q) (154)

N2

A.12.2 Bounding badA-prim 2.

As before, to bound this event, we further split it into various sub-cases and bound their
individual probabilities as follows:

— badA-prim 2a. 3i € Ty and j € [g3] such that Y 4+ K3 = ng. In other words, i € [q],

j € [g2) and | € [g1] such that R* + K; = U! and Vit K3 = VSj. Let’s first fix the
values for the indices 4, j and [. The probability of each of the events R* + K; = Uf and
yi + K3 = V3j comes out to be l/N2 each due to the randomness of the keys K; and
K3 respectively. As we can choose the index ¢,j and [ in ¢, g3 and g1 ways respectively,
we use the union bound over all those possible choices to obtain

99193

Pr[badA-prim 2a] < e

(155)

badA-prim 2b. 3i € Zg and j € [g3] such that Vit Ks= V3j. Analysis of this bad event
is similar to that of badA-prim 2a, where we use the randomness of K5 and K3. Looking
ahead, we bound the probability of the event to at most

44345
N2

Pr[bad-prim 2b] < (156)

badA-prim 2¢c. 3i € Zgrp and j € [g3] such that Vit K3 = V3j. Analysis of this bad event
is similar to that of bad\-prim 2a, where we use the randomness of R* and K3. Looking
ahead, we bound the probability of the event to at most

a’q3

Pr[badA-prim 2¢| < .
r[badA-prim (}_ZNQ

(157)
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— badA-prim 2d. 3i € ZTgg and j € [¢3] such that Vit Kg = V3j. Analysis of this bad event
is similar to that of badA-prim 2¢, where we use the randomness of S* and K3. Looking
ahead, we bound the probability of the event to at most

2
. 9743
Pr[badA- 2d] < .
r[badA-prim 2d] < e

(158)

— badA-prim 2e. 3i € Tz and j € [g3] such that yig4 K3 = V3j. Analysis of this bad event
is again similar to that of bad\-prim 1f, where we use the randomness of K4 and K3.
Looking ahead, we bound the probability of the event to at most

Pr[badA-prim 2¢] <

4493494
N2 (159)
— badA-prim 2f. 3i € Zx and j € [g3] such that Yiy Ks = V3j. Analysis of this bad event
is again similar to that of bad\-prim 2a, where we use the randomness of K2 and K3.
Looking ahead, we bound the probability of the event to at most

99293

Pr[badA-prim 2f] < e

(160)

— badA-prim 2g. 3i € Txx and j € [g3] such that Yit+ K= V3j. Analysis of this event is
similar to that of badA-prim 1g, where we use the randomness of R and K3. Looking
ahead, we bound the probability of the event to at most

2¢2q3
N2

Pr[badA-prim 2¢] < (161)

— badA-prim 2h. 3i € Zy 4 and j € [g3] such that Yi+t Ky = V3j. Analysis of this event is

similar to that of badA-prim 1h, where we use the randomness of R and K3. Looking
ahead, we bound the probability of the event to at most

2¢°%q3

Pr[bad\-prim 2h] < N2

(162)

— badA-prim 2i. 3i € Tz and j € [g3] such that Vit K3 = V:,’j, Again, the analysis of
this event is similar to that of badA-prim 14, where we use the randomness of S and
K3. Looking ahead, we bound the probability of the event to at most

o 2¢%gs
Pr[badA-prim 2i] < Nz (163)
Adding all the above nine cases, we obtain
7
Pr[badA-prim 2] < 9301+ 92 £ a1+ a5 +70) (164)

N2
A.12.8 Bounding bad\-prim 3.

As before, to bound this event, we further split it into various sub-cases and bound their
individual probabilities as follows:
— badA-prim 3a. 3i € Tg and j € [g4] such that Z% + K4 = V4j. In other words, 3 € [q],
j € [qa] and I € [q1] such that R® + K; = U{ and Z' + Ky = V4J. Let’s first fix the
values for the indices 4, j and [. The probability of each of the events R* + K1 = Uf and

A + Ky = V4j comes out to be l/N2 each due to the randomness of the keys K; and
K4 respectively. As we can choose the index 4,5 and [ in ¢, g4 and q; ways respectively,
we use the union bound over all those possible choices to obtain

49194
N2

Pr[badA-prim 3a] < (165)
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badA-prim 3b. 3i € Zg and j € [g4] such that Zi4 Ky = V4j. Analysis of this bad event
is similar to that of bad\-prim 3a, where we use the randomness of K5 and K4. Looking
ahead, we bound the probability of the event to at most

P 49445
Pr[badA-prim 3b] < N2 - (166)
badA-prim 3c. 3i € Zgr and j € [ga] such that Zi+ Ky = V4j. Analysis of this bad event
is similar to that of bad\-prim 3a, where we use the randomness of R* and K4. Looking
ahead, we bound the probability of the event to at most

7*qa

Pr{badA-prim 3c] < .
r[badA-prim (}_2N2

(167)
badA-prim 3d. 3i € Zgg and j € [q4] such that Zi4 Ky = V4j. Analysis of this bad event

is similar to that of bad\-prim 3a, where we use the randomness of S¢ and Kj4. Looking
ahead, we bound the probability of the event to at most

P

Pr[badA-prim 3d] < .
r[badA-prim 3d] < e

(168)

badA-prim 3e. 3i € Zx and j € [ga] such that Zi + Ky = V;lj. Analysis of this bad event
is similar to that of badA-prim 3a, where we use the randomness of K2 and K. Looking
ahead, we bound the probability of the event to at most

99294

Pr[bad-prim 3e] < N2

(169)

badA-prim 3f. 3i € Zp and j € [g4] such that 7i+ Ky = V4j. Analysis of this bad event
is similar to that of badA-prim 3a, where we use the randomness of K3 and K4. Looking
ahead, we bound the probability of the event to at most

449394

Pr[badA-prim 3f] < N2

(170)

badA-prim 3g. 3i € Ixx and j € [qa] such that Z° + K, = V4j. Analysis of this bad
event is similar to that of bad\-prim 1g, where we use the randomness of R* and Kj.
Looking ahead, we bound the probability of the event to at most

- 2¢°q
Pr[badA-prim 3g] < N2 - (171)
bad\-prim 3h. 3i € Zy o and j € [ga] such that 7+ Kyq = V4j. Analysis of this bad

event is similar to that of badA-prim 1h, where we use the randomness of R and Ky.
Looking ahead, we bound the probability of the event to at most

2¢%q

Pr[badA-prim 3h] < N2

(172)

badA-prim 3i. 3i € Zzz and j € [qa] such that ARS = V4j. Analysis of this bad event
is similar to that of badA-prim 17, where we use the randomness of S and K4. Looking
ahead, we bound the probability of the event to at most

L 20w
Pr[badA-prim 3i] < N2 (173)

Adding all the above nine cases, we obtain

qqa(q1 + q2 + q3 + g5 + 7q)
N2

Pr[badA-prim 3] < . (174)
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Proposition 13 Having defined the bad event badA-coll in Fig. 8, we have

(9)(5¢ + a1 + g2 + g3 + a4 + q5)
N2 :

Pr[bad\-coll) <

We say that the bad event badA-coll happens, if one of the following event happens.
— badA-coll 1. 3i € Z¢,,j € [q] and 4 # j such that X # X7 and X = XJ.
— badA-coll 2. 3i € Z¢,,j € [q] and 4 # j such that Y # Y7 and Y? = Y.
— bad)-coll 3. 3i € Z¢,,5 € [q] and i # j such that Z* # ZJ and Z* = Z7.
In the following subsection, we bound the above events. To do this, we first define a condition

set and then analyze these three bad events on that condition set.

Condition Set

1. 3i € Zg. In other words, Ji € [g] and k € [g1] such that R + Ky = UF.
2. 3i € Zg. In other words, Ji € [g] and k € [g5] such that S? + K5 = UF.
3. 3i € Trp. In other words, 3i € Zyec and k € [i — 1] such that R? = R¥.
4. 3i € Iss. In other words, 3i € Zenc and k € [i — 1] such that S* = S*.
5. 3i € Zx. In other words, Ji € [g] and k € [go] such that X? + Ko = U}.
6. 3i € Iy In other words, Ji € [g] and k € [g3] such that Vit Ks = Uk.
7. 3i € Zz. In other words, Ji € [g] and k € [g4] such that Z¢ + K4 = U¥.
8. 3i € Ixx. In other words, 3i,k € [q] with i # j such that X? = X*.

9. 3i € Iy In other words, 3, k € [¢] with ¢ # j such that V¢ = Y,
10. Ji € Tzz. In other words, Ji, k € [g] with i # j such that Z¢ = Z*.

Let’s first fix the values for the indices i, j and k. For any of badA-coll 1, badA-coll 2 and
badA-coll 3, any one of the conditions from the above condition set satisfies. Once we fix
that condition, the probability of that condition comes out to be (1/N). On the other hand,
the probability of the event X? = XJ is at most (2/N) when j € Tx, and is equal to (1/N)
otherwise. Similarly, the probability of the event Y? = Y7 is at most (2/N) when j € Ty,
and is equal to (1/N) otherwise; and the probability of the event Z¢ = 77 is at most (2/N)
when j € Zz, and is equal to (1/N) otherwise. Now one can choose the pair of indices (4, j)
in (‘21) ways, and the index k in as many ways as the maximum number of queries to the
relevant permutation (in case of condition 1, 2, 5, 6 and 7) or in g ways (otherwise). Using
the union bound over all those possible indices, we obtain the upper bound of each of these
bad events as (2q - (g))/(N2) or (2q; - (g))/(NQ) (where the relevant permutation is P;).



