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ONLINE RESOURCE 2

A. Geometrical intuition of the possible values for tuning parameter t to generate workable
solutions

The tuning parameter T must be defined in [1, (1 — a)ﬁ + «a] to obtain a feasible solution of
the constrained elastic net optimization problem. The explanation and geometrical intuition for

this fact are shown below.

Lemma 1. Set x € R/: then:

lxll, < llxlly < Tl (A1)

See (Guillemot et al., 2019) to find the Lemma 1 demonstration. Consequently, it is easy to

observe that:

(1= )llxllz + allxll < (1 = D llxlly + allxll < (1= )T llxll, + allxll} (A2

(1 = @)lixll, + allxllz _ (4 = @)llxlls + allxllz _ (1 - )Tl + allxll3
llx1l - (BY(P: Il

(1-a) +alxll; <7< (1-a)]+alxl,
Due to the approach of the constrained problem of optimization, the solution x € 8B, (1), and
therefore, ||x||, = 1. Thus:
A-a)+a<t<(1-a)fj+a (A3)
As shown in Fig. 5, we restrict 7; and 7, totherange 1 < 7 < (1 — a)ﬁ + a forany a € [0,1].

Obviously, if « = 1, 7 = 1, and the solution leads to B,,(1). If @ = 0, the tuning parameter will

be restricted to 1 < 7 < ,//, as evidenced in (Guillemot et al. 2019; Witten et al. 2009).
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Fig. 1 A graphical display in R? of the #,, £, and £; + £, constraints on a vector x for the projection onto
the B, .., (T) N B,, (1) ball of the Cene:SVD procedure. The £, constraints restrict x such that x5 <1,
and the £, region, ||x||; < . In the case of the elastic net ball constraint, x is required to be (1 — a)||x||; +
allx||5 < 7. Panel A shows the B,,(1),B,, (1) and B, ,,(1) ball constraints on different values of a in
the enet ball (left, a = 0.5; right, a = 0.2). It is shown that the higher the values of a are, the more similar
an enet restriction ball is to the B,, constraint. Panel B (left) reflects the constraints (1 — a)|[x]l; +
allx||? <1 and (1 — a)|lx|l; + allx]|3 < (0.5V2 + 0.5) using dashed lines and ||x]|3 < 1 using a solid
circle. The rectangles refer to the possible point solution at the intersection of both restrictions. In panel B

(right), feasible solutions for 1 <t < 0.5\/7+ 0.5 are shown (J = 2), where the Ridge and enet ball

constraints are active.




B. General solution of the projection onto the B, . () ball

Given x € R/, the projection of a vector y = Pl_%“”’2 (x) € R/ is defined as the solution of the
constrained optimization problem:
y:= B2 () = dargmin S lly — %l 5.0: L= @)llyll +alylf <t | (A9
yeER/
where a € [0,1]. The function (1 — a)||y|l; + ally|l3 defines the elastic net penalty as a convex
combination of the Lasso and Ridge convex penalties, possessing the optimal properties of both
operators. Assume that x = 0 is necessary to construct the dual optimization problem from the

Lagrange function associated with 1 > 0:
1 2 2
Argmax L(y, ) = 5 lly = x|l + A(1 = @)llyll; + aAllyll3 - Ar (AS)

. . B B . o
The constrained sparse vector solution y: = P, fi”zn ‘2 (x) of the previous optimization problem
is determined by:

Y = Projy (g, +1-a12) ) = (Projaqyz°Projac-a, ) (%)

_ sign(x) (|x;| — 2(1 — @)+ _Sia-a (x) (A6)
1+ 2Aa 1+ 2a

With S;1_q)(x) being the soft-thresholding operator.

C. Projection onto the B,_,,, (t) N By, (1) ball

. . B B o .
Given x € R/, the projection of a vector y = P “**2"% (x) € R/ is defined as the solution of

7,1

the constrained optimization problem:

B ny 1
y:=P_ "7 72 (x) = Jargmin Slly - xll3;s.t: A =a)llylly +alylE <z lyl.<1; (A7)
yeR/

We extend the algorithm proposed for the projection onto the intersection of the L1 and L2 balls

(Guillemot et al., 2019) to the function:



(1~ Sia-0 @, +allSia-o @I’

Q) = - — (A8)
| Si(1-a) (x)llz
where ¥ = (%,, %,, ..., &;) is a vector composed of the absolute values of x, ordered in a
decreasing way, and
Saci—a)(X)
g F¥) = B (A9)
ia-o0(®) 1+ 2a

Q(4) is a continuous and decreasing function from Q(0) = ((1 — ) |||, + «||%]13)/11%||, to

Q(X;) = 0. Due to the properties of Q, there is a positive scalar A > 0 such that Q(1) = 7, with
A€ [%,%] and T € [Q(X,),Q2(0)]. Thus, VT € [Q(X),2(0)] = [1,(1 — a)ﬁ + al|¥||,] exists
withk € Z, k <], such that

QX)) <7< QU Xyyq) (A10)
Due to the #,, £, and £, + £, norm formulation and basic algebraic operations, determining the

value of A that verifies (1) = 7 is equivalent to finding A € [X4, X, ] as the solution to a fourth-

degree polynomial equation:

(t2l, — a?l5 = 2alil,(1—a) - B(1—a)®) + A
c(dalyt? = 2721, (1 — @) + 2kla(1 — @)? + 2kl (1 — @)3) + A2
c(k1?(1 — @)? + 4a®l,7% — 8ar?(1 — a)ly + 2l ka(1 — a)3 (A11)
+ 2Lka*(1—a)? —k*(1—a)H) + 23
c(4kat?*(1 — a)? — 2k?a(1 — a)* — 8a?12(1 — a)l;) + A*
c(4ka?t?(1—a)®* —k?a?(1—-a)H) =0

with ; = Y* . % and [, = ¥¥_, %;%. Once 1 is found, the vector solution y =

P%t’1+f2

nB
1 ‘2(x) € R/ corresponds to:

— Sl(l—a)(i) (A12)
1+ 22«

The whole process is summarized as a four-step method:

1. Compute the vector X of x coefficients ordered as absolute values.
2. Find k that verifies (A5).

3. Calculate A as the solution to (A6).

4. Determine the solution (A12).



Table S1 displays the pseudocode for an efficient projection of x onto the B, ., () N
B,, (1) constraint. Lines 13 to 20 and 28-29 are modified from Guillemot et al (2019) to address

the problem of projection onto the intersection of the elastic net and £, norm balls.

Table S1. Projection onto the B, ,,, N B,, space algorithm

Projection of a vector onto B, ,,, () N B,, (1)

Input: xeR,TeR, 1€ [1,/]]
Output y = PT23€1+€2n%€2 (x)
Initialization: s;=0,s, =0,nb =0,p = |x*|

beingx* ={x; ex,i=1,...,]/x; # 0}

1: If ||x|]], =0 thenx =v
2: If |lx]l,/llxll, <7 theny =x
3: Else
4: While TRUE do:
5: N = length(p)
6: Randomly select r € {1, ..., N} with %, # max (p)
& X = plr]
8: # Split p into two disjoint sets:
H={p;/p; < %}
L={p;/p;> %}
9: # Compute k as:
nb,;k = length({pj /e pj == J?k})
10: k = nb + length(L) + nby,
L Stow, = Zpi + nbg, * %
ieL
12: Stow, = Zpiz + nbg, - %

i€eL



13:

14:

15:

16:

17:

18:

19:

20:

21:

22:

23:

24

25:

26:

27:

28:

29:

Q(fk) =

a(52 + SZOWZ) + (1= a)(sy + Siow,) — kX (1 — a)® — k#%a(l — a)?

1+ Zaik)\/(sz + Siow,) — 2%, (1 — @) (51 + Siow, ) + k%> (1 — @)?

If Q(%,) >t then

Else

end

—
iy
|

If L=0end

Update p:  p = {pi}ier

Xx+1 = max ({pi}ien)
Q(Xir1)

_ a(SZ + Slowz) + (1 - a)(sl + Slowl) - kfk+1(1 - a)z - kik+12a(1 - a)z

1+ 20(9?,()\[(52 + Stows) = 2%e41(1 = @) (51 + Siow, ) + ki1 2(1 — @)?
If Q(%1) >t end
Update p:  p = {pi}ien
Update nb: nb =k
Update s;:  s; = 51 + Siom,

Update s,: s, = 5 + Siow,

= 51t Siow,

l, =5, + Stow,

#Calculate A:

(a?l3 + 2al,(1—a)l; + (1 — @)?lZ —7%1,) + 4

#Solution:

c(4al,t? — 2Lk[a — 2a? + a®] — 2L k[1 — 3a + 3a? — a?]

- 272(1 — a)ly) + 22

(k21— a)* + 4a?l,t? + kt? (1 — a)? — 2L,k[a? — 2a3 + a?]
— 2L ik[a — 3a? + 3a3® — a*] — 8at?(1 — a)l;) + 23
c(4kat?(1 — a)? — 2k?a(1l — a)* — 8a?72(1 — a)l;) + A*

c(4ka?t? (1 —a)?* — k2a?(1—a)H) =0



30:

end

S1(x)

S5 T+

sign(x)(|x] — A(1 — a),0),

1+ 2a

Collxll Tl

llxll,




