Online Appendix: Proofs

Candidates’ preferences and the government budget con-
straint

The general form of the budget constraint is II(q) + t@w — r > 0. The profit
component is,

(a) = ply"(a) +y" ()] — K (1)
where y* is the demand for good y with &k = P, R, and K represents the fixed
costs.

The first step to reach the candidates’ objective function and the govern-
ment budget constraint is defining the demand for the regulated good by the
poor. Recall the poor spend all the income on y. The total (before tax and
transfer) income of the poor group P is,

w’(q) w’(q) w
Wo(q) = / wdF(w) = / defu)dw @)

By the FTC, the partial derivative of W° w.r.t. the policy component z
(z =rt,p) is,

w20 T ) B L] @

Replacing the expression for the income threshold w’(q) = *—F2F—
opening by policy component,

WP =(1-t)2 (p)p —rlf(’(q))(-1) <0
WP = (1= p)p — r*f(«*(@)) >0 (4)
WO =(1-t)2[("(pp+¢ ' @) " (p)p —r]f(w(q) >0

It is always the case that W) > 0. The total income of group P is decreasing
in r (W2 < 0) whenever ¢ ~*(p)p > r. This condition is satisfied for all the
strictly positive values of the poverty line. Besides, Wg > () also requires the
marginal revenue (w.r.t. p) of the regulated good provision to group R to
be strictly positive ((¢¥' 1) (p)p +¥'~(p) > 0). This happens for every tariff
below the monopoly one, since for tractability we assume zero marginal cost.

The indirect utility function of citizens in group R is v(p) + (1 — t)w + r.
Then, by the Roy’s identity, the demand for y, ', is —v'(p). As a result, the
profit function is,

w’(q)

la) = (1-1) [ wdP() +a"(@r — @p'p) - K (5)

w—



with a”(q) = F(w°(q)) and af'(q) = 1 — af(q). In this way, the budget
constraint is given by,

(a)
Ba@=(1-0) [ wdP@)+d(@r - a(@pp) - K +t@-r=0 ©

Then, the preferences of a generic candidate ¢ are represented by the following
indirect utility function,

V(g;w, ) =v(p) + (1 — )’ +r

w’(a) 7
7 [(1 %) / wdF(w) + a”(q)r — a"(q)pv'(p) — K ")

w

The budget constraint changes with the policy components as follows,

1 F) - W)+ )

1— F(w)(pv"(p) +V'(p))

—(

—(

f(wo) r_1 / r_q
() (p)p + ¥ T p)] (V' (p) + ¢ (p))

In turn, the change in generic candidate ¢’s objective function when the policy
components change is given by,

Ve = 14977 ) — it ) + 1)

Vy =1'(p) = (1 = F(w")(pv"(p) + v'(p))

ey D o+ 0 )W)+ 0 )

(9)
w(q)
Ve =—w'— 76/ wdF (w)

+ vcp<{<ft;2 [ ) = 110 (p) +4 7 ()

V, in 9 has four components: the increase in candidates’ utility from receiving
a larger r; the partial increase in the profits because those citizens still in
the group P demand more of y; the negative effect on the profits for group
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P shrinks; and the positive effect on the profits because of the group R’s
expansion. Analogous interpretations apply to V), and V;.

Next, we take advantage of the fact that the demand for good y is the
same for every citizen in R to simplify expressions 8 and 9. Consider the
consumer problem of a citizen in group R,

(x*,y*) = argmax {Yy)+z|py+x<(1—tw+r}
(zy)eR%
The solution is,
v =14"(p)
w = (L=tw+r—p ' (p)
The corresponding indirect utility function,

V@ (p) = pY T )+ (1= e+
Redefining the indirect utility function as v(p) + (1 — t)w + r,

V(p) + 0 ) = @ ) (VT W)~ p) =0

since ¢/ (¢ "1(p)) = ' (y*) = p (i.e., by envelope). Applying this result to the
equations in 8 and 9, we obtain a set of first partial derivatives of B and V¢
w.r.t. the policy components as follows,

B, = —(1- F(&")
B, =—(1—F(°)(pv"(p) +'(p))

w%(q)
B =w— / wdF(w)
ol 10
Ve =1+7F(w) o)

Vi =0'(p) —7°(1 = F(W°))(pv" (p) + ' (p))

w(q)
V= —w'— ’yc/ wdF (w).

Benchmark: A community with no poor

Lemma A.1 (only in appendix) (Zero poverty and the median income).
When there are no poor in the society, a Condorcet winner exists and coincides
with the policy that the median income voter prefers.

Proof. When there are no poor in the society, the demand for the regulated
good is —v'(p), equal for all the voters in V. The binding budget constraint
is,

tw—p'(p)—K=r
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Then, the indirect utility function of a generic voter w is given by,
V(p,r;w,0) =v(p) +r+w [1 —w (pv'(p) +r+ K)

Let w™ be the median income voter and q,, = (pm, rm) her preferred policy,
that satisfies —p,,v' (pn) < w™ (1 — t,,) + 7, where w™ is the lowest level
of income in the society. This last condition restricts the admission set of
policies to w’(q,,) < w™. Similarly, consider any alternative policy q. such
that w%(q.) < w™. Thus citizen w will prefer q, to q,, if and only if,

V(Pm, Tm;w,0) < V(p., 723w, 0)
W W
V(Ppm) + T +w — 5(pmv'(pm) +rm+ K) <v(p,)+7r,+w-— 5(pzv’(pz) +7r.+ K)

U(pm) + T — (U(pz) + rz) < %[pmv,<pm) + T = (pzvl(pz) + Tz)

Since q,, is citizen w™’s preferred policy, for every ¢, # ¢,, it must be,

m

% P’ (Pm) 4 1im — (P20 (p2) + rz)] < v(pm) +1m — (v(pz) +72)

This result opens three possibilities:

(1) PV (Pm)+7m— (P20 (p2)+7.) > 0. Then, V(pp, rm;w,0) > V(p., 75w, 0)
for all w < w™, so that at least half of the community prefers q,, to q..

(12) PV (Pm)+7rm—(p.0' (p.)+7r.) < 0. Then, V(pp, rm; w,0) > V(p,,r,;w,0)
for all w > w™ so that at least half of the community prefers q,, to q..

(131) pm¥' (Pm) + Tm — (p20'(p.) + 7.) = 0. Then, by the budget constraint,
tm =t.. Thus v(pm) + rm = v(p.) + 12, so that all w € Q weakly prefer
dm to q..

Hence, q,, is the Condorcet winner. O

Proposition A.1 (only in appendix) (One-candidate equilibrium and the
median income voter). Any one-candidate equilibrium satisfies,

(a) suppose that all the potential candidates i € C° for whom
§ < V(qgi;,w', 7)) =V (qoe; w',7%) and w°(q;) < w™ have the same income.
Further assume w°(qe) < w™. Then, the only candidate is the one who
values the profits the least regardless of the median voter’s location.

(b) suppose a and b in C° are the two candidates who rank highest in the
order of preferences of the median income voter w™; with ¥* = 4%, w?* <
W< w, w(qs) <w” and W (qy) < w™. Then, r, > ry. Furthermore,
b (a) is the only candidate if and only if W™ > (<) W, where W is the
mean income.



Proof. Part (a). By contradiction. Let the profile of entry actions o =
(@i);eco (0 € {0,1}) be a Nash equilibrium of the entry game that results in
the set of self-selected candidates E(a)) = {a} with a of type (w®,7*). Suppose
there exists another potential candidate b € C° of type w” = w® and 7* < ~%.
We claim that a cannot be an equilibrium.

We first prove the tariff is increasing in the candidates’ value of the profits,
and the tax rate is weakly decreasing in candidates’ income. To do this, we
clear r from the binding constraint. Then, we replace the expression for r in
the indirect utility function of a generic i € C,

Sp.y) +T(t,w) =v(p) — (1++)pv'(p) + K) + (1 —t)' +tw  (11)

In order to prove monotonicity, we take the mixed second order partial

derivative of S(-) w.r.t. p and ~:
05?
opoy

—(pv"(p) +'(p)) >0 (12)

Condition 12 is satisfied for every price strictly below the monopoly one,
p < pum(0) (the profits are increasing in price). Next, we take the mixed
second order partial derivative of T'(-) w.r.t. ¢ and w:

oT?
Otow

—-1<0 (13)

Then, t; is weakly decreasing in w?. We just proved that p, < p, and t, = t,.
We further claim that b has an incentive to enter. The expected payoft of
b from deviating by entering instead of staying out is,

P*({a, b} yup + (1 ~ Pt({a, b}))uab 5 (14)

where uy, = V(dqp; W’ 1), Uy = V(qa; w?, 7?), and P°({a, b} is the probability

of winning of b when both b and a run in elections. P°({a,b}) = 1 if and only
if,

v(pe) + (1 —tp)w™ + 15 > v(pa) + (1 — to)w™ + 14

v(pe) + 75 > v(pa) + 74

v(ps) = Puv'(pe) > v(pa) = pat’(Pa)

(W () > (e (pa))
The third inequality results from the budget constraint. The fourth from

v(p) = (" (p))—pY ' (p) and —'(p) = ¥'~(p). The inequality is satisfied
for p, < p,. Hence, since P°({a,b}) = 1, for ¢ sufficiently small, b will enter

(15)



the competition. Therefore, a running unopposed cannot be an equilibrium.
Part (b).

If v¢ = 4% and w® < @ < W’ then, from Part a., p, = p, and t, > t,. As a
consequence, the difference in the optimal income transfer between candidates
a and b is given by r, — 1, = W(t, — tp) > 0; and therefore, r, > r,. By
Lemma A.1, b is the only candidate if and only if she is the preferred option
for the median income voter, i.e., (1 — t,)w™ + t,w > (1 — t,)w™ + t,0. That
is, w™ > w. Therefore, the median income voter will prefer b (a) to a (b) if
and only if, w™ > (<) . O

Lemma A.2 (only in appendix) (Candidates’ vote share: The indifference
line). For any two feasible candidates i and k, there exists a unique pair
comprised of a vector s(ik) in Q x I' and a scalar c(ik) that satisfies,

V(qi;w,7) % V(ag;w, ) if and only if [s(ik)1, s(ik)s] - (w,7) % c(ik)

Furthermore, s(ik) and c(ik) are fully defined by the line segment in Q x T
given by,

Vigiiw,y) = Viarsw,v) = 0;
namely the indifference line 1{i, k}. The intersection of I{i, k} with the space
of voters determines the vote shares of candidates i and k.

Proof. Consider the generic form of the indirect utility function,
Vigw,7) =v(p) + (1 = t)w + 7 +~11(p) (16)

Note that, since there are no poor, the profit function II(p) depends only on
the tariff (not on transfer r). Clearing the transfer from the binding budget
constraint, we get r = II(p) + tw, with II(p) = —(pv'(p) + K). Replacing in
16,

V(g;w,7) = v(p) + (1 = thw — (pv'(p) + K) + 10 + [ — (pv'(p) + K)]

Now, we fix two candidates i and k in the space of feasible candidates C*,

and obtain the expression for V(q;;-) — V(qx;-) = 0 as follows,

V(qi;w,y) = V(s w,y) =v(p:) — v(pe) + (= piv’ (i) + pav’(pr)) + (i — tr)
—w(t; — ty) + (= pv'(pi) + prv' (px)) = 0

This equation is linear in both w and ~. Therefore, it represents a line
I{i,k} € QxT =VUCA. I{i, k} separates the space VUC* into two convex



disjoint half-spaces. I{i,k} fully defines the pair (s(ikz),c(ik)), s(ik) =
(s(ik)1, s(ik)z), as follows,

c(ik) = v(p;) — v(pr) + (= pv' (ps) + v’ (pr)) + B(t: — ti)

S(Zk)l = ti - tk (17)

s(ik)2 = piv'(pi) — v’ (pk)
By the proof of Proposition A.1, the indirect utilities of candidates are
separable in price and tax rate. In fact, the FOCs of candidates’ maximisation
problems are y[p*v” (p*) + v'(p*)] + p*v” (p*) = 0 and t* equals the infimum or
the supremum depending on (w—w) being positive or negative. As the optimal

policies of candidates ¢ and k, and the average income @ fully parametrise
the vector and the scalar, for any pair (¢, k), I{i,k} is unique. ]

Corollary A.1 (only in appendix) (Slope of the indifference line). Fiz
a pair of candidates (i,k). Suppose I({i,k}) intersects the space of voters
at w* € nt(V), and w; < W < wy. Then, the slope of 1({i,k}) is negative
(positive) iff w* > (<)w.

Proof. The assumption that I({i, k}) intersects the voters’ line at w* € int(V)
is equivalent to (w*,0) € I({7, k}); then, I({i,k}) is defined by,
v(pi) = piv'(pi) — (v(pr)—pe(pr)) + W (6 — te) = "t — 1)
v(pi) = piv'(pi) — (v(pr)—prt (pr)) + @(t — ) = (18)
w(t; — te) — (= piv'(ps) + piv' (Pr))
Now we name the components of 18 as follows,
A(i, k) = v(pi) — piv'(pi) — (v(pe) — prv'(pr)) +W(t: — te)
B(Z, k) = ti — tk (19)
D(i, k) = —p'(pi) + piv’(pr)
I({i,k}) can be expressed as A(i, k) = wB(i, k) — vD(i, k). Rearranging,
A(i, k) B(i, k)

=Dk DGR (20)

By w; < @ < wy, and the preferences separability, t; > ;. That is, B(i, k) > 0.
Since the indifference line intersects the voters space at w* € int(V),
v(pi) + (1 —t)w" +ri =v(pr) + (1 =t )w* + 7y,

v(pi) —v(pe) + 1 — e = (L — )"
v(pi) — v(pr) — piv'(p) + P’ (o) = (8 — ) (W — @)
bW () = (@ (o)) = (= ) (W — )
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If w* > @, then p; < px, D(i,k) < 0, and the slope of I({i, k}) is negative. If
w* < w, then p; > p, D(i, k) > 0, and the slope of I({i, k}) is positive. [

Lemma 1 (Two-candidate equilibria: Incentive compatibility). Any equilib-
rium with two candidates (i and k such that w°(q;) < w™ and W°(qi) < w™)
satisfies,

(a) the indifference line intersects the space of voters at the median income,

(w™,0) € I({i,k});
(b) if w; <W < wy, and W™ >, then v* < *;

(c) there exist two lines, I~ ({i,k}) and I*({i,k}) parallel to I({i,k}), that
define the minimum horizontal distance between the candidates’ locations.
45

This distance is given by il

Proof. Part (a). By contradiction. Suppose the median income voter strictly
prefers one candidate. By Lemma A.2, for any two candidates i and £ in
CA4, there is a unique line I({i,k}) that defines the vote shares of i and k.
Therefore, (w™,0) ¢ I({i,k}). The proof of Lemma A.1 shows that voters’
preferences satisfy the Gorman polar form; hence, the fraction of voters who
prefer the same candidate as the median income voter w™ must be greater
than the fraction that prefers the other candidate; i.e., either ®*({i,k}) > 1
or ®*({i,k}) > L (in terms of probability of winning, either P*({i,k}) = 0
or P'({i,k}) = 0). In this way, for any § > 0, the strategy of entering for
the candidate with zero probability of winning is strictly dominated; and
therefore, it cannot be a Nash equilibrium of the entry game. As a result,
any equilibrium with candidates i and k& must satisfy (w™,0) € I({,k}); or
its equivalent, P'({i,k}) = P*({i,k}) = 3.

Part (b). It follows from the proof of Corollary A.1.

Part (c). Any two-candidate equilibrium must satisfy the following system
of Incentive Compatibility constraints (/C'):

{ Ya(ui — up)

>4
Va(upg, — wi) > 0

(22)
where ugy, a = 1,k and b = 1, k, is the indirect utility of candidate a that
results from the implementation of the policy preferred by candidate b. These
constraints define two disjoint sub-spaces in VU C4. Using the labelling of
Corollary A.1,

A(i k) — w'B(i, k) +v'D(i,k) > 26

A k) —w*B(i, k) + ~*D(i, k) < —25 (23)
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where A(i, k), B(i, k), and D(i, k) are defined in equations 19.
We construct the lines I7({i, k}) and I~ ({7, k}) when the constraints in
23 are binding as follows (in slope-intercept form),

.20 A(ik)  BG.K)
YT DuR DaRY o
. 20— A(i.k)  Bi.E) , (24)
LA Tr S R ST At

The horizontal distance between the two IC’s; i.e. the distance when 7' = ¥,
is % with B(i, k) = t; — t. Furthermore, from Part a., in any equilibrium
with candidates ¢ and k, I"™({i, k}) must intersect the set of voters at the

median income (w™,0). This is equivalent to,

A(i k) —wB(i, k) +vD(i,k) =0 (25)
A(i k) —w™B(i,k) =0

Since A(i, k), B(i, k), and D(i, k) are the same for I"({a,b}), I ({a,b}), and
I~ ({a,b}), the three lines are parallel. Also, from 23, one candidate must be
located to the right of I*({i, k}) and the other to the left of I~{i, k}. O

Proposition 1 (Inequality and the composition of redistribution: the ze-
ro-poverty case). Any two-candidate equilibrium in a society with no poor
citizens satisfies,

(a) if W™ < (>)w, then the slope of the indifference line is increasing
(decreasing) in the distance |w™ — @|;

(b) for any continuous change in the income distribution such that the
new distribution F' satisfies F(z) < F'(z) with v = F7(3), the new
candidate, say a, will prefer both lower (higher) income transfer and
lower (higher) price of the regulated good if —p,v' (pa) — 14 > (<) —
P_aV' (p_a) — T_a, where —a indicates the candidate other than a.

Proof. Part (a). By Lemma 1, in a two-candidate equilibrium with candi-
dates ¢ and k, the slope of I"({i, k}) is given by,

Stope(I" ({7 1)) = gig - S T (26)

By the budget constraints,

—pv'(pi) = ri —tiw + K

27
peV (pr) = —1p + o — K (27)
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If we substitute the expressions in the slope of the indifference line,

t; — tr
r, —tiw — 1+ T

Slope(I"™ ({1, k})) = (28)

Assume t; and t; do not change. Then, taking the partial derivative of the
Slope w.r.t. w,

(t; — te)(—t; + tg)
(’I“i — tiw — Tk + tk)2
(ti = t)?

o Slope(I™({i, k) = -

(29)

For both, a negative slope (w™ > @) and a positive slope (w™ < @), I"™({i, k})
moves counterclockwise. If (w™ > @), then an increase in @ means shorter
distance |w™ —@|. If (w™ < @), then an increase in w means longer distance
lw™ — @.

Part (b). By Lemma 1, any two-candidate equilibrium (with candidates i
and k) satisfies I({7,k}) NV = (w™,0); i.e., A(i, k; @) — w™B(i, k) = 0. This
feature and the budget constraints of the candidates result in the following
system of equations,

v(pi) — piv'(pi) — (v(pr) — pev’ (pr)) +@(t — tr) — W™ (i —t,) =0
t; —w ! (n + K +p'(p)) =0 (30)
ty —w * (rk + K+ pkv’(pk)) =0
Taking differentials,
— piv" (pi)dp; + prv” (pr)dpr + (@ — w™)(dt; — dty) + (t; — ti)(dw — dw™) = 0
dt; —w > [Ddri —riw +wdK — Kdw + w(pv” (pi) + ' (pi))dpi — piv' (pi)dw| =0
dty, — w2 [Ddrk — rpw + wdK — Kdw + w(pev” (pr) + v (pr))dpr, — pkvl(pk)dU} =0

We want to assess the change in the policy of one candidate (say a, a = i, k)
for a fixed policy of the other candidate dr_, = dp_, = dK = dw = 0. The
subscript —a denotes the candidate other than a. Then, by the system of
differentials above, dt_, = 0. These conditions result in the following system
of equations,

an//(pa)dpa —(@—wM)dty — (t-a — ta)dw™ =0
ity = &2 [@dry + @(pat (pa) + ' (pa) dpi| (31)

t_g— 1ty = @ [ N paﬂl(pa) —Ta + p—avl(p—fl) + T_a]
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Solving this system for a fixed size of the government, i.e. dt, = 0, we get,

dTa , ; _pav// Do) — V' Da
. — [_an (pa,) — Tq + pia’U (pia) + ria] X |: ( ”> ( )i|

dw PaV"(Pa) (32)

)t [

e C T pa(pa)

with both [w] and [+} positive. Then,
Pa¥ (pa) Pav” (Pa)

e~ () and 2 >0 iff —pv'(pa) — Ta > —P—a¥'(P_a) — T—a and,

dw™ dw™
drg dpa 3
dre <0 and 22 <0 iff  —pav/(pa) — Ta < —P-a?'(P-a) — T—a.

Now, as the proposition states, consider a continuous change to F’(x) such
that F'(z) < F'(z) with x = F~!(3), then F'[F~'(1)] > 1/2. As a consequence,
in order to re-establish the equilibrium it must be that dw™ < 0. Therefore,

dro <0 and dp, <0 iff —p,v'(pa) —7ra > —p_a¥’'(p_a) — r_q and,
dr, >0 and dp, >0 iff PV (Pa) — Ta < —p_a¥V'(p_a) — T_a.

Poverty, inequality and redistribution

Lemma 2 (The poor and the rich: swing voters and cut-offs). For any pair
of candidates i and k there exist at most four income cut-offs: one poor swing
voter wt*(i, k), one rich swing voter w (i, k), and the poverty lines w°(k)
and w (7).

Proof. We start by defining the swing voter in group P, w*f(i, k), as the
income level that makes a poor voter indifferent between candidates ¢ and k;
that is,

¢<<1 —t(ry, pi))w (i, k) + ri> B 1/1(<1 — t(r, pr))w* (i, k) + rk)

pi Pk
By monotonicity of #(-), for the previous equality to be satisfied, it must be
that the arguments of function v are equal,

(1 —t(rs, ps))w*T (i, k) + 74 _ (1 — t(rg, pr))w* (i, k) + 7y

Di Pk
PiTk — PkTi = [Pk — Di + Dit(Ti, Pr) — pkt(rhpi)]W*P(i’ k)

Income levels are non-negative. Then, if py,—p;+pit(rx, pr) —prt(ri, pi) > (<) 0,
it must be that p;rr, — prr; > (<) 0. As a result, every voter in P with income
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w > (<)w*P (i, k) prefers i to k. Therefore, there exists at most one swing
voter in group P.

The swing voter in group R, w*f(i, k), is the income level that makes a rich
voter indifferent between candidates 7 and k,

v(pi) + (1= t(ry, i)™ (i, k) + 10 = v(pr) + (1 = t(re, pu))w* (i, k) + 1
v(pe) —v(ps) + e — i = [t(re, Pr) — t(ﬁ;Pi)]W*R(ia k)

If t(re, pe) — t(rs, pi) > (<) 0, it must be that v(pk) v(ps) +re — 1 > (<)0.
Then, every voter in R with income w > (<) w*®(i, k) prefers i to k. Therefore,
there exists at most one swing voter in group R.

The expressions of the poverty lines are as follows,

Oy = I e VRIp = o,

33
1—t, = 1 (33)

]

Corollary A.2 (only in appendix) (Incentive compatibility conditions
and swing voters). A two-candidate equilibrium with candidates i and k such
that w° (k) < W (7)) and w € (WO(k),w’ (7)) prefers k must satisfy,

(i) if there is one swing voter, then either

(1) F(wP(i,k)) =1/2 or
(2) F(w(i, k) = Y2;

(17) if there are two swing voters, then either,

(3) F(wf(i,k)) — F(wP(i,k)) =12 or

(4) F(wR(i, k) + F(WwP(i,k)) — F(W(k)) = /2 or

(5) F(wf(i,k)) + F(w"(i, k) — F(w’(i)) = /2 or

(6) F(w(i, k) + F(w'(k)) — F(w(i, k) — F(w°(i)) = V/2

Lemma 3 (General form of policy differentials). Consider a two-candidate
equilibrium with candidates i and k such that W°(k) < w°(i). Then, for a fized
location of candidate v, the differentials of the policy components of candidate
k take the form

(Ta(z‘,k:)MRR - Aa(i,k))dm -7 ﬁj(vl( 53%)] x dw and -
(Ta(z’, k)YMRp — A, (i, k))dpk - h faﬁil(’jg(t;))] x dw
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where M Rr = —v" (pr)px — V'(pr) is the marginal revenue derived from the
demand of the requlated good by the rich, Yo(i, k) and A, (i, k) are functions of
candidates’ policies with a = 1,2,3,4,5,6 denoting the incentive compatibility
conditions enumerated in Corollary 1.

Proof. We start from an equilibrium class of one swing voter. When the
budget constraint is binding, a two-candidate equilibrium must satisfy the
following system of equations,

F(w*P(i, k)) =12 or F(w*R(i, k))
PiTk — PkT5 G

1/

*P =
w (1, k) = = —
(i, k) Pk — Pi + ity —prti H
W*R(Z ]{?) _ U(pk) - U(pz) + 1T — Ty = §
’ te —ti
0 =" (pr) Pk —k Tk (35)
w(k) = -

(1 — ) WO(K) + [1 — FO ()= (p)pr — 1] — K — 14 + 435 = 0

WO(k)
WO (k) = /0 wdF(w)

We fix the policy of candidate ¢. That is why we omit the budget constraint
and the poverty line of ¢ as they depend on q; but not qi. Taking differentials
of the budget constraint in 35,

(.UO
F@P (R = ti)w® (k) + i+ o' (pr)pa] (a atik)

— WO(k)dty + [1 — F(w°(k))][~v" (pr)pr — V' (pr)]dpr
—[1 = F(WO(k))]dry, — dK + @dty, + tydw = 0

0O (k)
ory.

0O (k)

dty + dry + dpk)

The introduction of the definition of w®(k) results in (1 — t3)w?(k) + 7 +
v'(pr)pr = 0. Then, the differentials of the budget constraint, w°(k), w*F (i, k)
and w*E(i, k) are given by,

dw*P (i, k) = [H(psdry, — ridpy) — G((1 — t;)dpg + pidty,)] x H™>

dw*R (i, k) = [JV' (p)dpy, — Idty) x 172

dw’ (k) = {(1 = t) (M Rpdpy, — dry) — [=0"(p)pr — ri)dtr} x (1 — )2

— WO(k)dty + [1 — F(w (k)] M Rrdpy,

—[1 = F(WO(k))]dry, — dK + @dty, + tdw = 0

where M Rr = —v"(pr)pr. — v’ (px) is the marginal revenue from the provision
of regulated good to the rich.

13



Now consider the case where the only swing voter is poor; i.e., F(w*F (i, k)) =
/2. Then, for a given policy of candidate i, a change in candidate k’s policy
must satisfy flw*F (i, k)]dw* (i, k) = 0 for still being at equilibrium. If
w*P (i, k) € supp(f), then flw*F(i,k)] > 0, and therefore, dw*f (i, k) = 0. If
we further consider dt;, = dK = 0, we have

dw*” (i, k) = Hpydry, — [Hr; + G(1 — t;)]dpy = 0

t 1 (36)
dpr, = — dw d
P TS R MR, T MR

Let Ty = Hp; and Ay = [Hr; + G(1 —t;)]. Then, system 36 is equivalent to

Tldi — Aldpk =0

ty 1 (37)
dor — — d5+ ——d
Pk T R0 (k) MR T MRy

The solution of this system is given by

Asty —

(C1MRg— Ay )dr = = Fm X de "
1ty —
(T\MRp— A )dp = ~ T T ¢

Consider the case where the only swing voter is rich; i.e., F'(w*E(i, k)) = 1/2.
Then, for a given policy of candidate i, a change in candidate k’s policy
must satisfy f[w*®(i, k)]dw* R (i, k) = 0 for still being at equilibrium. If
w (i, k) € supp(f), then flw*(i, k)] > 0, and therefore, dw*f(i, k) = 0. If
we further consider dt;, = dK = 0, we have

dw(i, k) = dry — [~ (pr)dpx = 0

e 1 (39)
= PO MR 3Ry

dpy = —

Let To =1 and Ay = —v'(pg). Then, system 39 is equivalent to
Tzd?”k - Agdpk =0

t 1 (40)
dpy = — dw + ———d
P T RO MR T MR,
The solution of this system is given by
Aoty _
YoMRp — Ay )dr, = — X dw
( 2 2) [1— F(wO(k))] (41)
Yoty _
YToMRgr — Ay )d =— d
(oM R = o) dp 1= Fwo(k))] ™

14



When there are two swing voters that are also the only cut-offs, the equilibrium
satisfies F'(w*f(i, k))—F(w*P(i, k)) = 1/2. Then, for a given policy of candidate
7, a change in candidate k’s policy must satisfy

flw (@i, k)| dw*B(i, k) — flw*F (i, k)]dw*T (i, k) = 0 for still being at equilibrium.
Then,

fwh  fwh) fw) p fwh)  fwf) _
5 o pildr, v (I—te) = =i = = (pi) | dpy = 0
B t 1
e = R R 3R
(42)
- f) 1)
w w
Tg = T — H Di and
_ fWh) p fwh) — fwf)
A3 = 7w (1—1t) P 5 (px)
Then, system 42 is equivalent to
ng?”k - Agdpk =0
B t 1 (43)
dpr = [1— F(wo(k))]MRRder MR
The solution of this system is given by
_ Asty, —
(taMBr — Ag)dr, = TRy < »
_ sty _
(TsMRR — Ay )dpy = T F) <

When there are two swing voters and one additional cut-off at w®(k), the
equilibrium satisfies Flw*f(i, k)] + Flw*" (i, k)] — F[w®(k)] = /2. Then, for a
given policy of candidate i, a change in candidate k’s policy must satisfy
flw B, k)]dw B (i, k) + flwF (i, k)]dw*? (i, k) — flw(k)]dw®(k) = 0 for still
being at equilibrium. Then,

[f (W) ) S

7 + H Di + 1—1, di
fw?) p fWh) - fWh f(w?) _
[Tw (1—t;)+ I T 7 v(pk)+MRRl_tk]dpk—0
1
dpr = — b dw + ———dry,

[1— F(w'(k)) MRz - " MRz



Let

R P 0
SRR (C P f(fti and
P P R ’

Then, system 45 is equivalent to

T4d7“k — A4dpk =0

tk 1 (46)
- ——d
W= g p R ™ T MR
The solution of this system is given by
Ayty, _
_ - _ d
(T4MRR A4)d’f‘k [1 — F(wo(k‘))] X aw (47)
Tty _
— — d
(TaM Ry — A )dpy T F) <

When there are two swing voters and one additional cut-off at w°(i), the
equilibrium satisfies F|w*E(i, k)] + Flw*F (i, k)] — F[w®(i)] = /2.

Then, for a given policy of candidate 7, a change in candidate k’s policy must
satisfy flw* (i, k)]dw (i, k) + flw*? (i, k)]dw* (i, k) since dw®(i) = 0.

Then,

f(C;R) N f(ZP)pi} e — [%P)wp(l )+ f(;ulp)ri B f((jR>U/(pk)] dpr = 0
P =~ F(w‘fl(ck))]MRRdw+ MlRRdrk
(48)
a fWP) )
T = 5 + P and
A, = %’D)wp(l )+ f(;u[P)n _ f(c;R)U,(pk)
Then, system 48 is equivalent to
Ysdry — Asdpy, = 0
b 05 + ———dr (49)

Pr = 0 ()M B MRpg
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The solution of this system is given by

Asty, —

(TsMRR — s )dre = - = i(wo(k))] x do o
stk —
(TsMRR — s )dp = ~T= T <

When there are two swing voters and two additional cut-offs at w(z) and w®(k),
the equilibrium satisfies F[w*f(i, k)] — F|w*F (i, k)] + F[w(k)] — F[w°(i)] = 1/2.
Then, for a given policy of candidate ¢, a change in candidate k’s policy must
satisfy flw*B(i, k)]|dw*R(i, k) — flw*T (i, k)|dw*T (i, k) + flw®(k)]dw® (k) = 0
since dw®(7) = 0. Then,

L 1), e,

T H "1
wf wf wlt) w?
. [_ f(H )wP(l _tz‘) . f(H )Ti . f(J )U (pk) — MRle(_ ti]dpk =0
B 173 _ 1
W= R T MR
(51)
Let
_fW)  fwW) o fW)
Te = 7 TP, and
_ S fwh) — fwh) f(w®)
Ao === (U= t) = =g = =oeon) = MBa=
Then, system 51 is equivalent to
TGdi - Aﬁdpk =0
_ 122 1 (52)
W= g p R ™ T MR
The solution of this system is given by
_ Agty, _
(TGMRR — Aﬁ)drk = T F@O))] X dw -
_ Tty _
(oM Ry~ A )dpy = T Fe) <
O

Proposition 2 (One-cut-off equilibrium and policy components). Consider
a one-cut-off equilibrium with candidates v and k. Then, for any continuous
change in the income distribution such that the new distribution F' satisfies
F(x) < F'(z) with x = w**(i, k) and b = P, R, it must be that;
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dry, < L(Tl,Al,F’[wo(k)],MRR) x dw and

(54)
dpy < M(Tl, Ay, P/ ()], MRR> X dm
if the cut-off is w*¥' (i, k) and W > MRpg, or;
(b)
dry, > L<T2,A2,F’[w0(k;)],MRR) x dw and
(55)

dpy > M(Tz, Ao, F'Iu® (k)] MRR> X dm
if the cut-off is w*B(i, k);
with L(-), M(-) > 0.

Proof. Part (a). Consider the case where the only swing voter is poor; i.e.,
F(w*P(i,k)) = 1/2. If the distribution F suffers a continuous change to F’
such that F' < F” at w*P(i, k), then F'(w*F(i,k)) > 1/2. As a consequence, in
order to re-establish the equilibrium it must be that dw*”(i,k) < 0. From
Lemma 3, this is equivalent to,

Asty, —

(T MRr— A )dn < i L) X do -
1ty —
("1 MR~ Ay )dpe < ~T iy <

with Yy = Hp; and Ay = [Hr; + G(1 —t;)]. By Lemma 2, H,G < 0 since all
voters w such that w > w** must vote for k. If Y1MRr — A; > 0, then

Aty 1
d — dw
S T PR MR — A, %)
d < — Laty X ! X dw
Pr - F (k)] TiMRg — A,
And T{MRgr — A; > 0 if and only if
HpiMRR — Hr; — G(l —ti) > 0
WP k) (1 —t;) + 7 (58)

> MRp
Di
where we use w*”(i,k) = £ and G, H < 0.

Part (b). Consider the case where the only swing voter is rich; i.e.,

18



F(w*(i,k)) = 1/2. If the distribution F suffers a continuous change to
F’ such that F < F' at w*f(i, k), then F'(w*?(i,k)) > 1/2. As a consequence,
in order to re-establish the equilibrium it must be that dw*®(i, k) < 0. From
Lemma 3, this is equivalent to,

Aity, _
(T2MRR - A2>d7“k < = TSEID) X dw 0
Toty, _
(TQMRR . Ag)dpk <~mpmy <
with Ty =1 and Ay = —v'(pg). If YoM Rr — Ay < 0, then
Aoty 1
d — dw
T TS PO TaMRg — Ay )
dpe > — Tt ! x dw

1= FOk)]  TaMRg — Ay

But it is always the case that YoM Rr — Ay < 0 since YoM Rr — Ay =
MR+ V' (pr) = =" (pr)pr < 0. It is only pending to define,

Lo A 1
= T F(@(k)] " TuMRg— A,
Tty 1 (61)
M =- a4
1 F(Ok)] ~ T.MRg— A,
with a =1, 2. O

Proposition 3 (Multiple-cut-offs equilibria and policy components). In any
*P(

multiple-cut-off equilibrium with candidates i and k where %Zk)% > MRpg,
dry, = L(Ta, Au, FIO (K], MRR> x dw and
(62)
dp — M(Ta, Aa, FI(K)], MRR) x dw

where L(-), M(:) > 0, and a = 3,4,5,6 denotes the incentive compatibility
conditions enumerated in Corollary 1.

Proof. We start defining L(Ta, Ay, Flw(E)], MRR> and M (Ta, Au, (k)] MRR)

as following,

;o= Aytr " 1
= T F@®)]  T.MEn—A,
Y.t 1 (63)
M = 4

= F@O(k)] T MR — A,
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We want to prove that % > M Rp is a sufficient condition for both

pi
L(-) >0 and M(-) > 0, for a = 3,...,6. Or equivalently, if Y,MRr — A, >
(<)0, then T,, A, < (>)0.
Consider the case where a = 3. By Lemma 3,

S N (oI

J H
fw") J) fh
H J

A3 = —Twp(l — tl) -
Since H < 0 and J > 0, then Y3 > 0 and A3 > 0. Furthermore, Y3sMRp —
A3 < 0 if and only if

f((})R> (=" (px)pr) — f((;)lp) [piMRR — w1 —t)—ri| <0 (64)

V' (pr)

*P(

A sufficient condition for 64 is that % > MRpg.

Consider the case where a = 4. By Lemma 3,

R P 0
T, = f((j ) + f(](; )pi + {(idti and

P P R 0
A4 = f(; )wP(l _ti)+ f(](":}] )Ti_ f(('; )Ul(pk>+MRR1f(iutl)€

Since H > 0 and J > 0, then T, > 0 and A, > 0. Furthermore, Y,MRp —
A4 < 0 if and only if

fwf)

J

() — L[ MR+ —0) ] <0 (69)

*P(

A sufficient condition for 65 is that %’M > MRpg.

Consider the case where a = 5. By Lemma 3,

R P
T, = f(i )+f(;ul )pi and
(,UP wP (,UR
As = %)wp(l — ;) + f(H )m- — f(J )v’(pk)

Since H < 0 and J < 0, then T5 < 0 and A5 < 0. Furthermore, T5 <
MRgr — A5 > 0 if and only if

(@)
J

(o pop) + L [t R — (1= t) £ ] 50 (60)
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*P(

A sufficient condition for 66 is that %ﬁ”” > MRp.

By Lemma 3,
_fWh fW) (W)
o= -~ o
P P R 0
A = _f(;u[ )oﬂ’u ) - f(;u[ )n- B f(c; )U,(pk) B MRR{(—wti

Since H > 0 and J < 0, then T¢ < 0 and Ag < 0. Furthermore, Y¢M Rp —
Ag > 0 if and only if

fwf)
J

(w”

H

<_U”(pk)pk) - !

) piMRR — wP(l — tl) + Ti] >0 (67)

*P(

A sufficient condition for 67 is that w;# > MRp. O
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